Multivariate polynomial interpolation: Aitken-Neville sets and generalized principal lattices

Carl de Boor

Abstract. A suitably weakened definition of generalized principal lattices is shown to be equivalent to the recent
definition of Aitken-Neville sets.

The recent paper [CGS08] explores the relationship of Aitken-Neville sets, introduced in [SX], to gen-
eralized principal lattices, introduced in [CGS06]. Both are subsets X of F? (with F equal to R or C) that
are n-correct for some n in the sense that, with

II<,
the collection of polynomials on F¢ of (total) degree < m, the restriction map
1) ey = FX i po pl o= (p(a) : & € X)

is invertible, hence arbitrary values given at X can be interpolated uniquely by some polynomial of degree
< n. In particular, #X = dimII<,.

Both kinds of sets have considerably more structure than that (see the definitions below). [CGS08]
proves that any generalized principal lattice is an Aitken-Neville set and gives simple examples to show
that the converse does not hold. The present note makes more precise how the two notions differ and then
proposes an appropriate relaxation of the definition of a generalized principal lattice that makes the two
notions equivalent. In the process, some of the arguments from [CGS08] are simplified.

Standard multiindex notation is used. In particular,

laf = a(0) + -+ - + a(d)

is the degree of the multiindex

a = (a(0),...,a(d)) €Z%,
where, in an abuse of standard Matlab notation, 0:d is the set with elements 0,1,...,d, i.e.,

0:d:={0,1,...,d}.

With that, let

T, :={yez%: |y|=n}.
Also, let

€j

be the particular multiindex with all entries 0 except for the jth which is 1. Finally, with another abuse of
notation,

X\z:={yeX:y#zx}

definitions

(2) Definition. A GC,,-set is a set X in F¢ of cardinality > dimTl<,, for which, for each x € X, there are
< n hyperplanes whose union contains X \x but not x.

Since any hyperplane is the zero-set of some polynomial of degree 1, it then follows that, for every z
in such a GC,-set X, there is a product ¢, of < n polynomials of degree 1 that vanishes on all of X\x
but not on z, and this implies that the linear map (1) is onto, hence necessarily dimIl<,, > #X, therefore
dimIl<, = #X and the map (1) is invertible, hence X is n-correct.

GC,,-sets were introduced in [CY] as those n-correct sets whose corresponding Lagrange polynomials
l,, x € X, factor completely.

[CY] had two particular examples of GC,,-sets in mind, natural lattices and principal lattices.
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(3) Definition. A natural lattice of degree n in F is of the form
X = {,T;( K e (Z‘)},

with H a collection of n + d hyperplanes in F¢ in general position, meaning that every subset K of d
hyperplanes in 'H has exactly one point in common, call it xx, with different subsets resulting in different
points.

Such a natural lattice is evidently a GC,,-set, with X \zx contained in the union of the hyperplanes in
H\K which does not contain zi.

(4) Definition. A generalized principal lattice of degree n (or, GPL,-set for short) is a set X in F*
that can be so indexed as
X ={xq:ael,}

that, for some collection H := (Hf :1 €0:(n—1),j € 0:d) of hyperplanes and all applicable « € T, r, and i,

(5) () Hiy = {wa} € Hig
J#r

while

(6) o € H = a(j)=i.

Note that, necessarily, #H = n(d+1), i.e., the hyperplanes Hf are pairwise distinct: Indeed, if Hf =H
for some 4, s < n, then, by (5), 2o € H! = H for any o with a(j) = i, hence (6) would imply that a(r) = s
for any such «, which is nonsense unless j = r, in which case it implies that i = s.

A GPL,,-set is a GC,,-set: For, by (5), X\x, is contained in the union of the < Z?:o a(j) =lal=n
hyperplanes H? with i < a(j) since, for any 8 € T',,\a, we must have 3(j) < a(j) for some 7, while, by (6),
that union does not contain x,.

(7) Remark. This conclusion does not use the full power of either (5) or (6). In fact, it only uses

(8) ar)<n = z4€ Hg(r)
and
(9) 1o € H = a(j) <i. 0

Generalized principal lattices were introduced (and analyzed) in [CGS06], as a generalization from
the bivariate situation in [CGO05] and [CGO06], however in the following different, though equivalent, form:
Additional hyperplanes are required to exist, namely, for each j € 0:d, a hyperplane H intersecting X only
at Zne, is required to exist and, correspondingly, (5) is usually stated

{wal = (VHl = [ Hlp)
j#r =0
where now also a(j) = n can appear. However, since these hyperplanes HJ are not uniquely defined by X
nor do they play any role in the GC,,-structure of X, it seems unnecessary to bring them in in the first place.
Also, (6) is usually stated

d
(10) Yo € (0:m)% H, ,NX#0 = a€l,
§=0
However, (6) and (10) are equivalent in the presence of (5). First, (6) implies (10): If
d
zg € [ Hig)
=0

for some o € (0:n)%? and some 8 € T, then, by (6), 3(j) = a(j), all j, hence « = 3 € T, (at least for
a € (0:(n—1))%4 and B(j) < n for all j; by the choice of the HJ, the case a(j) = n can happen only if
B = ne; and, in that case, (6) implies that a(r) = 0 for all r # j, hence again « = § € I';,). Also, as already
stated in [CGS06: Remark 2], (10) implies (6) in the presence of (8) (hence of (5)): If z, € H} then, by (8),
To € ﬂfZOHE(T) with 0 := a+ (i — a(j))e;, hence, by (10), 5 € I, and so, in particular, i = a(j). O



The following generalization, suggested by (7)Remark, of GPL,-sets requires much less yet, by (7)Re-
mark, still provides GC,,-sets.

(11) Definition. A fully generalized principal lattice of degree n (or, FGPL,-set for short) is a
set X in F? that can be so indexed as X = {x, : @ € TI',} that (8) and (9) hold for some collection
(H] :i€0:(n—1),j € 0:d) of hyperplanes and all applicable o € T,,, 7, and i.

While [CY] correctly credit [N] with coining the term ‘principal lattice’ (an unfortunate choice since,
even in 1972, ‘lattice’ had a well-defined (quite different) meaning in mathematics), the recognition that the
standard principal lattice just described is n-correct (at least for d = 2) goes back at least to [Bi]. Perhaps
the major contribution of [N] is to have stimulated [CY].

In what follows, for any A C Fe,
convA and bA

denote, respectively, the convex hull of A and the affine space or flat spanned by the elements of A.

(12) Definition ([SX]). An Aitken-Neville set (or, configuration) of degree n (or AN, -set, for short)
is a set X in F* that can be so indexed as X = {xy : a € '} that

(13) {24k, : J € 0:d} is 1-correct, BeTl,_k, kelm,
and
(14) acconv{f+ke;:jeJ} = xq€b{rgip, :je€J}, el keln, JCO0d, acl,,.

Note that the implication in (14) vacuously holds for J = @) and is implied by (13) for J = 0:d. Aitken-
Neville sets were introduced in [SX] as precisely the kind of n-correct sets for which the natural multivariate
generalization of the classical Aitken-Neville process is available, as shown in [SX] (and recalled in more
detail at the end of this note).

results
(15) Proposition. Any AN, -set X = {2z, : a € I',} is a FGPL,,-set, with the hyperplanes given by
(16) H] = b0{&ic, 1 (nije, 7 #J},  i€0:(n—1), j € 0.
Proof: For each i € 0:(n—1) and j € 0:d, the set {2,y (n—i)c, : 7 € 0:d} is, by assumption, 1-correct,

hence H f is, indeed, a hyperplane and, again by assumption, it contains all z, with o € conv{ie; + (n — i)e, :
r # j}. In particular, if «(j) = 4, then

alr) . . . . .
a= Z - (—)z (ie; + (n —i)e,) € conv{ie; + (n—i)e 17 # j},
r#£j
proving (8). It also follows that, for any a € T',, with k := «(j) —¢ > 0 for some j, each T(a—ke;)+ker
with 7 # j is in H, and this implies that z,, itself cannot be in H; since, otherwise, H; would contain the

entire set {x(a,kéj)Jrkér : r € 0:d} which, by assumption, is 1-correct, contradicting the fact that Hf is a
hyperplane. In short, (9) holds. O

(17) Corollary ([CGSO08]). Any AN,,-set X is a GC,,-set.

(18) Corollary. The hyperplanes defined in (16) in terms of the labeling X = {z, : a € T';,} of an AN, -set
satisfy

(19) Hé(j) =0{2p4ke, 1 7 # j}
for allk € 1:m and all 8 € Ty, _.

Proof: For any such 3, v := 8 + ke; is in '), and satisfies k = ~v(j) — ¢ with ¢ := 5(j), hence,
as we observed in the preceding proof, H] contains the d-set {zgyke, : 7 # j}, and, as this set is affinely
independent, its affine hull must be all of H. O



(20) Proposition. Any X = {z, : a € I',} satisfying (5) (hence (8)) and (9) with respect to some
hyperplanes H, i € 0:(n — 1), j € 0:d, is an AN, -set, and the H} must be as given in (16), hence satisfy

(19).

Proof: Let ke lin, B e Ty_p.
Then {2g4, : j € 0:d} is affinely independent. Indeed, in the contrary case, there would be some 7 so
that

Totke, € M{Tptne, 1 J # 1} C Hpypy,
the set inclusion since Hg - is an affine set and contains, by (8), each xg ke, for j # r, and this would

contradict (9) since (8 + ke, )(r) > B(r).
Further, let § # J C 0:d. Then

(21) H{xpyne, 1j €T} = ﬂ Hé(j).
JgJ

Indeed, by (8), each 25, is in every HE(T) for all j # r, hence we have the containment C in (21). But, by

the affine independence just proved, we know the left-hand side to be of dimension #J — 1, while, by (5), we
know the hyperplanes on the right-hand side to be in general position (as a subset of a set of d hyperplanes
in F¢ having exactly one point in common), hence the intersection has dimension n — #((0:d)\J) = #.J — 1,
too, therefore must equal the left-hand side.

With that, any v € I', N conv{3 + ke; : j € J} satisfies v(r) = 3(r) for r &€ J, hence, by (8) and (21),

2y € (VHioy = () Hbmy = M{s4ne, 25 € I}
réJ r&J O

(22) Remark. The full strength of (5) is used here only at one point, namely to ensure that the H é(j),
j # r, are in general position. However, since |3| < n here, this only requires the condition

J
(23) alr) >0 = m Hy ) = {za}
J#T

This condition does imply (8) but is weaker than (5) since it does not imply that ﬂ#THi(j) = {4} for
a(r) =0. O

Since any GPL,,-set satisfies (5) and (9), we have
(24) Corollary ([CGSO08]). Any GPL,-set X is an AN,,-set.
(25) Example: Planar AN,-sets.

Let X be a planar ANy-set. Then X = {vg, v1, v2, €9, €1, €2}, with

Vj = T2y, €5 = Tnyiers j € 0:2.

Further, for any permutation (r, s,t) of (0,1,2),
Hi =b{v,,es,vc}, Hi =b{er, e}

Finally, with 3 = 0, we know {zg42; : j € 0:2} = {vg,v1,v2} to be l-correct, hence Hj N H§ = {v:}. In
particular, the H} are pairwise distinct. Also, with [3] = 1, hence 3 = ¢, say, we know {zs; : j € 0:2} =
{vr, €s, e} to be 1-correct, hence Hy N H{ = {e, }. Therefore, also none of the H equals any of the H{. But
there is, offhand, no such restriction among the H{, except that, if H] = H}, then also H] = H}{. Thus, a
planar ANg-set involves either 6 or 4 (planar) hyperplanes. In the first case, it is a GPLay-set, in the second,
it is not but is (see the Figure) a natural lattice of degree 2. In the second case, it fails to be a GPLga-set
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Figure. A natural lattice labeled as an ANa-set (left), and its perturbation into a GPLy-set (right).

because the hyperplanes HZJ are not all pairwise distinct, hence (6) must fail, and it does: e; € Hy = H f,
yet e;(j) # 1.

Incidentally, any planar GCs-set X is necessarily an ANs-set since, for each x € X, at least one of the
two hyperplanes containing X\« must be a maximal, i.e., must contain three points of X, hence there must
be at least three maximals. Pick three maximals. Then the union of these three contains all of X. If z lies
on two of these maximals, it is one of the v;, while any = that lies on only one of these three maximals is one
of the e;. Thus the right-hand picture in the Figure shows the most general planar GCs-set, — except that
the e; are chosen to be nearly collinear, to make the set nearly a natural lattice (which is the only planar
GCz-set with four maximals). O

(26) Proposition ([CGSO08]). Every natural lattice of degree 2 is an ANjy-set, hence the class AN is
strictly larger than the class GPL.

Proof: Let Hy,...,Hgy1 be hyperplanes in F¢ in general position, and, with y; ; the unique point
of intersection of the d hyperplanes Hy with k # 4, j and i < j, set
i, j=d+1

xX.. = Y; i With S = . :
cites *= Yigs {], otherwise.

Then, for § = 0, {212, : j = 0:d} is the natural lattice of degree 1 obtained from Hy,..., Hy, hence
1-correct. Further, for |3| = 1, necessarily 3 = ¢; for some 4, and then {xg, : j = 0:d} is the natural lattice
obtained from the Hy with k # 14, j, therefore also 1-correct. Finally, the only indices in the convex hull of
other indices are the indices

€; —|— Ej = (261 —|— QEJ)/Q
for i # j and, by construction, Te;+e; 18, indeed, in the affine hull of z2., and @, (which is the intersection
of the d — 1 hyperplanes Hy, with k = (0:d)\{i,j}). O

(27) Theorem. Any set X in F¢ is an AN,,-set if and only if it is a FGPL,,-set satisfying

(23) a(r)>0 = (VH, ={za}.
i

Proof: By (20)Proposition and (22)Remark, any FGPL,,-set satisfying (23) is an AN,,-set.

Assume, conversely, that X is an AN,,-set with respect to a certain labeling X = {z, : @ € I'y,}. Then
(15)Proposition shows that the hyperplanes H7, i € 0:(n—1) and j € 0:d, defined in (16) in terms of that
labeling of X, satisfy (9).

Since (23) implies (8), it remains to prove (23). For this, with k := a(r) > 0 and § := o — ke,, and by
(18)Corollary,

Hi(j) = ﬂ H{@pthe, -t # J}

J#r j#r
and we recognize the right-hand side as the intersection of the d facets, of the nondegenerate simplex with
vertices Tgqge,, t € 0:d, that contain g4 ke, = %o, hence that intersection equals {zq}. O



(28) Corollary [CGSO08]. If X is an AN,,-set, then X is a GPL,-set if and only if
(29) o € H = a(j)>i.

Proof: Since (6) implies (29), we only have to prove the “if”. For this, we note that (29) together
with (9) (known to be true for any AN,-set, by (15)Proposition) implies (6), while (23) (known to be true
for any AN,,-set, by (27)Theorem) implies (5) except for the claim

— J
(30) afr)=0 = ﬂ H = {za}
J#r
when a(j) < n for all j # r. But for such a, k := a(s) > 0 for some s # r and, with § := a — ke,, we
conclude from (21) (applicable, by (22)Remark, since we know (23)) that Nz, s H? G = b{Teo, Tor—ke. +ke, }

[e3%

while (6) implies that Zo_je, +ke, & H ), and (30) follows. O

(31) Corollary. In the bivariate case, AN,, = FGPL,,.

Proof: Let X be a planar FGPL,, and assume by way of contradiction that (23) is violated for
some « and r. Since then, for all j # r, a(j) < n hence z, € Hi(j) by (8), it would follow that ﬂj;érHi(j)
contains more than just z,, hence would have to be a (planar) hyperplane, hence, with {r,s,t} = {0,1,2},
HZ(S) = H(L;(t). But since H; contains all the points 23 with 3(j) = ¢, and there are exactly n 4+ 1 — 3(4)
such, it would follow that HY ) contains at least (n+1—a(s)) +(n+1—-a(t)) —1=n+1+ar) >n+1
of the g, a contradiction to the correctness of X. O

Adding to this corollary the fact, proved in [CGS08], that, for n > d = 2, GPL,, = AN,,, we get the
conclusion that, for n > d = 2, GPL,, = FGPL,,. In addition, as [CGS08] also make clear as regards GPL,,
and AN, it is very likely, though likely hard to prove, that, for d > 2, GPL,, # AN,, # FGPL,.

(32) Remark. A FGPL,-set X C F? has at least d + 1 maximals (i.e., hyperplanes that contain
the maximal possible number of points from X; see [B]), namely the hyperplanes H}, j € 0:d, and {xpe,. } =
Njzr HY, all 7. Also, for each H, X N H} is a FGPL,,_;-set for the flat H? ~ F4~1, |

Let X be a set so indexed as X = {z, : @ € I',,} that (13) holds, hence, for each k € 1:n and each
B € I'y,_, there is a unique interpolant Psf from Il<; to arbitrary data values f, given at the data sites
To, @ € B+ kI'q, with the interpolant necessarily writable in Lagrange form as

d
Pof = forhe,Lpj-

§=0
With this, [SX] introduces the following multivariate Aitken-Neville algorithm:
I 6] =n }
= d , =nn—1,...,0.
o7 { > j—0P+elsgs 1Bl <n 141

Evidently, deg pg < n—|3| (since each £z ; is of degree 1). The major result in [SX] concerning this algorithm
is

Theorem ([SX]). Assume that X = {zo : o € '} satisfies (13), and let g, § € I'y,, be the polynomials
generated by the Aitken-Neville algorithm. Then

(33) wﬁ(x’)’):f’ya 7€6+Fk, 6€Fn7k7

for k € 1:n and for arbitrary f := (fo : « € T') if and only if X is an AN, -set, i.e., if and only if X also
satisfies (14).

In particular, assuming now X = {z, : « € I';} to be an AN, -set with this particular labeling, the
resulting ¢p is a polynomial of degree < n matching the given values on all of X, and, as this holds for
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arbitrary data values and #X < #I'), = dimIl<,, it follows that (¢ is the unique interpolant from Il<,, to
the data values. More than that, it follows that

p0=3 fala,

acl’y,

with
éa = Z ZZTSi Ej(T)-,j(i) 9
FE(L:d)™, Z:l:l €j(iy=a
which should lead to some interesting identities, given that all the summands in this formula for £, necessarily
are scalar multiples of £,, with the latter having the union of (H} : i < a(j), j € 0:d) as its zero set (and
H as defined in (16)).
Note that, with the simple change 3 ; — ¢;, the Aitken-Neville algorithm becomes the de Casteljau

algorithm:
fa. 1Bl =n }
= d , =n,n—1,...,0,
78 { D im0 Pot+eslis 1Bl <n 4

in which the ¢; are the Lagrange polynomials for interpolation from Il<; at the d + 1 vertices of a simplex
in general position in R? and
$o = Z Is (g)éﬁ
Bern

is the Bernstein-Bézier form of the polynomial (g with respect to that set of vertices, i.e., the fg being
the coefficients and 7 := gg(o) . -fg(d).
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