Numerical Methods of Approximation Theory, Vol. 9 1

Dietrich Braess and Larry L. Schumaker (eds.), pp. 1–5.

International Series of Numerical Mathematics, Vol. 105

Copyright oc 1992 by Birkhäuser Verlag, Basel

ISBN 3-7643-2746-4.

Principal Shift-Invariant Spaces Generated by a Radial Basis Function

Abstract. Approximations from the L_2-closure S of the finite linear combinations of the shifts of a radial basis function are considered, and a thorough analysis of the least-squares approximation orders from such spaces is provided. The results apply to polyharmonic splines, multiquadrics, the Gaussian kernel and other functions, and include the derivation of spectral orders. For stationary refinements it is shown that the saturation class is trivial, i.e., no non-zero function in the underlying Sobolev space can be approximated to a better rate. The approach makes an essential use of recent results of de Boor DeVore and the author.

§1. Introduction

A substantial progress in the understanding the L_∞- and L_2- approximation orders of principal shift-invariant spaces was recently obtained in [4] and [2] respectively. While [4] discusses the application of the methods there to radial functions, no such discussion can be found in [2], and the present paper is meant to fill in that gap. Thus, it is devoted to the analysis of the L_2- approximation orders associated with principal spaces generated by a radial function via the ideas, methods and results of [2].

It seems best to start our discussion with an explanation of the title. First, all functions here are assumed to be either real or complex valued and are defined on the real Euclidean space IR^d, for some d ≥ 1. A shift means “an integer translate” or “an integer translation”, hence a shift-invariant space S is a space which is invariant under the shift operation, i.e., satisfies

f ∈ S ⇐⇒ f(· − α) ∈ S, α ∈ ZZ^d. (1.1)

We also assume that S is a closed subspace of L_2(IR^d). For f ∈ L_2(IR^d), we denote by S(f) the space generated by f, i.e., S(f) is the L_2-closure of the finite linear combinations of the shifts of f:

S(f) := closure S_0(f),

with S_0(f) := { � α∈ZZ^d

a_αf(· − α) : almost all a_α are zero},

i.e., S(f) is the smallest closed shift-invariant space that contains f. Certainly, S(f) ⊂ S for every f ∈ S. We say that S is principal if it is generated by a single function, i.e., if there exists ϕ ∈ S for which

S = S(ϕ).

We remark that Theorem 2.16 of [2] shows that in case ϕ ∈ L_2(IR^d) is compactly supported, S(ϕ) contains all the infinite combinations of the shifts of ϕ (calculated pointwise) which happen to be L_2(IR^d)-functions.

In order to read and understand the main results and applications in this paper, no previous knowledge on radial basis functions is required. However, some, or even a good, knowledge of the present state-of-art and the present concepts in the area will help in understanding the novelty of the approach here. By “present state-of-art” we mean the survey of Powell [17], with the complement of some more recent results from [7], [6] and [15].

What do we mean here by a radial basis function? In [17], Powell lists six functions as being the major examples of radial basis functions. These are |x|, |x|^3, |x|^2 log |x|, e^{−|x|2} , and (|x|^2 + c^2)^{±1/2}, where |x| stands for the Euclidean 2-norm |x| := � x^2_1 + x^2 + ... + x^2_d.

All these functions are, indeed, radially symmetric, some of them grow at ∞ and some of them decay at ∞. For our purposes, the radial symmetry of the basis function plays less than a role, and we use the terminology “a radial basis” function more for convenience, (as a matter of fact, a few of our examples are not radially symmetric). The two basic properties of the basis function ϕ which we employ here are (1) its smoothness or, more precisely, the decay at ∞ of its Fourier transform ^ϕ, and (2) its “ellipticity”. By the latter we mean that the (generalized) Fourier transform of ^ϕ is a well-defined smooth function in the complement IR^d\0 of the origin, and does not vanish there.

To pursue further the discussion, we want to introduce the notion of approximation orders. For f ∈ L_2(IR^d), the distance E(f, S) of f from the (shift-invariant) space S is defined as usual by

E(f, S) := min{‖f − g‖ : g ∈ S}, (1.2)

where ‖·‖ is the L_2(IR^d)-norm. Assume further that we hold in hand not one principal shift-invariant space S(ϕ), but a collection of them {S_h := S(ϕ_h)}_h, where h varies over either the interval (0, 1] or some discrete subset of this interval. A priori no connection between the generators {ϕ_h} of the various spaces is assumed. Each of the shift-invariant spaces S_h is then dilated to the h-level as follows:

S^h := S^h(ϕ_h) := {f(·/h) : f ∈ S_h}. (1.3)

Note that the dilated space S^h(ϕ_h) is generated by the hZZ^d-shifts of the dilated function ϕ_h(·/h). We say that {S_h}_h (or {ϕ_h}_h) provides approximation order k > 0 (in the 2-norm), if

E(f, S^h ) = O(h^k), ∀f ∈ W, (1.4)

where W is some smooth subspace of L_2(IR^d) which depends on k, usually a Sobolev space.

More than any other case, the literature studies the so-called stationary case in which only one function ϕ is employed, i.e., ϕ_h = ϕ, all h. In this case S_h = S(ϕ), all h, and the scaled spaces in (1.3) are all dilates of one basic space. The study of non-stationary settings was initiated in spline theory (exponential box splines [18], [9]), but there are also very good reasons for considering non-stationary refinements in radial basis function theory. This point is so important, that we pause here momentarily to discuss the following example.

Example 1.5. Let ϕ be the Gaussian kernel, i.e., ϕ(x) = e^{−|x|2} . Despite of the superior smoothness and decay properties of this function, it has been conceived as a poor choice as far as approximation orders are concerned. The heuristic reason for this is that the dilated function ϕ(x/h) = e^{−h−2|x|2} converges to the δ functional faster than our linear refinement of the translates, and the task of approximating from this space becomes hopeless. But, a small change in the dilation process alters the picture dramatically: we obtain approximation orders as large as are wished by choosing λ(h) to be a function that decays to 0 with h (e.g., λ(h) = O(1/| log h|)), and defining ϕ_h := e^{−λ(h)|·|2} . (Note that ϕ_h(·/h) = e^{−λ(h)h−2|·|2} , and so the λ(h) parameter slows the convergence of ϕ(·/h) to the δ functional.) Further, the choice λ(h) := h^ν , ν > 0, results in spectral approximation orders, i.e., approximation orders that depend only on the smoothness of the approximand.

Before [4] and [2] were written, the standard approach for the analysis of approximation orders went along the quasi-interpolation argument guidelines, which can roughly be divided into three steps. The first of which is localization (referred to sometimes as “preconditioning”): since ϕ usually grows at ∞, one applies to ϕ a (finite/infinite) difference operator to obtain a function ψ with nice decay properties at ∞. Then, one tries to reproduce polynomials: if ψ decays fast enough at ∞, then, for some k ≥ 1, the sum

ψ∗^′p := � α∈ZZ^d

p(α)ψ(· − α)

converges uniformly on compact sets for every p ∈ Π_{k−1}, with Π_k the space of all polynomials of degree ≤ k (in d variables). Under certain conditions on ϕ and by a careful choice of the difference scheme employed, it is possible to prove that ψ∗^′p = p, for all p ∈ Π_{k−1}. This gives rise to the approximation scheme f ≈ ψ∗^′f, f ∈ W. (1.6)

The third step is the error analysis where the polynomial reproduction is shown to imply that the scheme (1.6) provides approximation order k. In case ψ is compactly supported, the conversion of polynomial reproduction to approximation orders provides no difficulty (cf. e.g., [1]), and the same holds in case it is known that ψ decays at ∞ like O(|·|^{−k−d−ε}) for some ε > 0 (cf. Proposition 1.1 and Corollary 1.2 of [8] and the arguments in [13]). However, things become more involved if the above decay holds only with ε = 0, and subtle information on ϕ and ψ is then required.

The focal point of our discussion here is that we do not employ any step of the quasi-interpolation argument approach; specifically, we do not reproduce polynomials (nor do we reproduce exponentials or any other “nice” functions). This results in a tremendous relaxation of the localization step, as the function ψ is no longer required to decay in a manner related to the desired approximation order k, but merely to lie in L_2(IR^d).

Example 1.7. Let ϕ be the univariate inverse multiquadric, i.e., d = 1 and

ϕ := (1 + |·|^2)^{−1/2}.

In this case ϕ ∈ L_2(IR), hence S := S(ϕ) is well-defined. We assume that S is refined by dilation, i.e., that ϕ_h = ϕ for all h. It was conjectured by many (cf.

e.g., [5]) that ϕ above provides no positive approximation orders; this, indeed, will be proved here. On the positive side, we show that

E(f, S^h) = o(1), ∀f ∈ L_2(IR). (1.8)

In the terminology of [2] ϕ provides density order 0. We will even determine the rate of decay of E(f, S^h) for smooth f (e.g, for f in the Sobolev space W^2_1 (IR)). An L_∞-analogue of (1.8) has been recently established in [6].

We mentioned one drawback of the quasi-interpolation argument, i.e. that it requires high decay rates from the basis function ψ. There is, however, another significant deficiency in this argument: it provides only lower bounds on the approximation order, in the sense that by quasi-interpolation one can only conclude that the approximation order is at least some k. General methods for the derivation of upper bounds on the approximation order were known only for the stationary case, and even there only for weaker versions of approximation orders (the so-called “controlled”, “local” and “controlled-local” approximations), and only for basis functions which decay like O(|·|^{−k−d−ε}) at ∞ (cf. [20], [3], [14], [12], [10]). In contrast, [19], [4], [2] as well as this paper employ methods that determine the exact approximation order.

It then becomes very interesting to compare the lower bounds on approximation orders provided by quasi-interpolation with the exact orders that will be described. For this purpose, we state (and prove in the next section) the following theorem.

Theorem 1.9. Let ϕ be some function which grows no faster than polynomially at ∞, and let ^ϕ be its Fourier transform. Assume that ψ_j , j = 1, 2, are two L_2(IR^d)-functions which satisfy the equations

^ψ_j = u_j ^ϕ, j = 1, 2,

where u_j , j = 1, 2 are some 2π-periodic functions each vanishes only on a set of measure 0. Then S(ψ_1) = S(ψ_2).

How is this theorem connected to our discussion? As mentioned, whenever the basis function grows at ∞, a localization process precedes the construction of an approximation scheme. Whatever approach one chooses from the present literature, the connection between the original ϕ and its localized version ψ is given on the Fourier transform domain by an equation of the form ^ψ = u^ϕ, where u is some 2π-periodic function (the product u^ϕ should be interpreted in a distributional sense). The above theorem then says that the type of localization process used is immaterial to the approximation orders provided by the localized function. In particular, the decay rates at ∞ of the localized function ψ, as well as the zero that ^ψ might or might not have at the origin, are irrelevant to approximation orders. This is in stark contrast with the lower bounds on approximation order suggested by quasiinterpolation, which are improved together with the decay rates at ∞ of the localized function.

At a first look, the above remarks might seem surprising, since several authors (including myself, cf. [11], [5], [8]) proved that (for some specific basis functions) the approximation orders are improved together with the better decay rates of the function, and even proved that the approximation orders stated in their theorems are the exact (i.e., best possible) ones. This does not contradict the present statements: what is established in the above citations and other references is that for the given localization ψ the approximation scheme (1.6) approximates to a certain (exact) order. The right conclusion is that the approximation scheme (1.6) fails to provide optimal approximation orders whenever ψ decays at ∞ too slowly. As a matter of fact, for functions which decay slowly at ∞, optimal approximation schemes (i.e., these that realize the approximation order) are not local. For example, in case f happens to be compactly supported, (1.6) employs only finitely many shifts of f, and these shifts are determined by supp f. In contrast, the approximation schemes used here employ infinitely many shifts even in case f is compactly supported, and the coefficients associated with these shifts decay sometimes at ∞ in a slow rate determined by the decay rate of the basis function ψ.

Notations: The symbol “const” stands for a generic positive constant, hence constants appearing in the same display need not to be the same. The notation “f ∼ g on Ω” means that supp f ∩ Ω differs from supp g ∩ Ω by a null-set, and f/g, g/f ∈ L_∞(Ω).

§2. Approximation Orders in the L_2-Norm

The paper [2] provides a complete analysis of approximation orders from closed shift-invariant spaces of L_2(IR^d). We could have applied those general results to the radial functions considered here, but prefer to derive our results more or less directly, since in this way we obtain finer statements and tighter bounds.

Given ψ ∈ L_2(IR^d), the space S(ψ) is defined as in the introduction. Throughout the paper, we assume that the generator ^ψ is non-zero a.e. This assumption is not essential, but is satisfied by all examples in radial basis function theory.

Given the spaces {S_h := S(ψ_h)}_h, ψ_h ∈ L_2(IR^d), our goal is to provide a realistic estimate for {E(f, S^h )}_h, f ∈ L_2(IR^d). Since E(f, S^h) = h^{d/2}E(f(h·), S), as can be easily verified by scaling, we might study the identical quantities h^{d/2}E(f(h·), S_h),

as we occasionally do here. To make the analysis more concrete, we briefly discuss some of the possible choices for the sequence {ψ_h}_h.

Example 2.10. (a) The basis function ϕ is chosen to be a fundamental solution of a homogeneous elliptic differential operator (with constant coefficients) P (D) of order m > d/2. In case P (D) is the m/2-fold iterated Laplacian, (i.e., if P (x) = |x|^m), ϕ(x) can be chosen to be c|x|^{m−d} or c|x|^{m−d} log |x|, depending on the parity of d. The Fourier transform ^ϕ coincides with the reciprocal of P (i·) on IR^d\0. Since ϕ grows at ∞, we need to localize it before entering the discussion of approximation orders, and thus we assume that ψ is a localization of ϕ, which means that ψ ∈ L_2(IR^d) and ^ψ = u^ϕ for some 2π-periodic function (even a trigonometric polynomial may do, and recall from Theorem 1.9 that S(ψ) is independent of the periodic u chosen). In the present example we consider only the stationary case, i.e., defining S := S(ψ), we study the decay rates of h^{d/2}E(f(h·), S),

for a smooth f. Since the localization ψ plays a dummy role, it is desirable to analyse the problem in terms of the basis function ϕ, or, if possible, in terms of the underlying polynomial P . We mention that in case P (D) is the iterated Laplacian, the space S above is intimately related to the space of polyharmonic splines studied e.g., in [16].

(b) ϕ(x, c) = (|x|^2 + c^2)^{m/2}, (m ≥ −d, m ∉ 2ZZ_+), or ϕ(x, c) = (|x|^2 + c^2)^{m/2} log(|x|^2 + c^2) (m ∈ 2ZZ_+). This contains the multiquadrics and inverse multiquadrics which correspond to the values m = +1, −1 respectively. The present example has the following important advantage over the previous one: since ϕ here is infinitely smooth, its Fourier transform decays rapidly (as a matter of fact, exponentially) at ∞, and further this transform is known to vanish nowhere on IR^d\0. Because of these two properties, we will show that an appropriate change of the parameter c from one h-level to another results in an improvement of the approximation properties of the corresponding spaces. Thus, we have two alternatives to choose from:

(b1) The stationary case: as before, we might localize ϕ to get ψ, define S := S(ψ), and do not change ψ with h. This case becomes very similar in its analysis to the one considered in (a). In both of them the approximation orders are determined by the rate of growth of ϕ at ∞, or, more precisely, by the singularity order of ^ϕ at the origin.

(b2) The non-stationary case: here we change the parameter c with h, i.e., define ϕ_h := ϕ(·, c_h). Each ϕ_h is then localized to obtain a sequence {ψ_h}_h of L_2(IR^d)-functions (again the type of localization used is insignificant, but it can be shown that the same periodic function u can be used for all ϕ_h). By letting {c_h}_h grow to ∞, the fast decay of ^ϕ would provide approximation orders that supersede the orders obtained in the stationary case (b1).

It should be observed that for the ϕ considered in (a), the trade-of between singularity order of ^ϕ at 0 and its decay rate at ∞ provides no benefit. Because of the homogeneity of ^ϕ, the order of its pole at 0 is the same as its decay rate at ∞.

(c) Here we consider again a one-parametric family ϕ(·, c) of very smooth functions, which, further, are in L_2. For example, ϕ(·, c) = e^{−c|·|2} , or ϕ = (|·|^2 + c^2)^{−(d+1)/2}. In such a case ^ϕ admits no singularity at 0, and the only way to obtain positive approximation orders is as in (b2) above. In this regard, examples of the present type are advantageous over the examples in (b) since we do not need to localize our function.

In all the above examples, the Fourier transform ^ϕ of the basis function ϕ could have been identified on IR^d\0 with some smooth function. Since this is typical of radial basis functions, we adopt such an assumption from now on. In particular, in all subsequent analysis the notation ^ϕ stands also for the function which is defined on IR^d\0 and coincides there with the Fourier transform of ϕ.

§2.1. The PSI space S(ϕ) and the function Λ_ϕ

From the definition of S(ψ) it is clear that S(ψ) contains any finite linear combination of the shifts of ψ, and, furthermore, any function s ∈ S(ψ) can be arbitrarily close approximated by these finite linear combinations. In terms of ^ψ (which is known to be in L_2(IR^d) since ψ is assumed to be so) we know that �S(ψ) contains all functions of the form τ ^ψ, where τ is a trigonometric polynomial. The following characterization of all elements of S(ψ), (ψ ∈ L_2(IR^d)) has been obtained in [2]:

f ∈ S(ψ) ⇐⇒ (f ∈ L_2(IR^d), ^f = τ ^ψ, τ is 2π − periodic). (2.11)

We want to emphasize that the 2π-periodic τ in the above characterization is not assumed to be integrable or square integrable or even measurable (although it can be proved to be measurable). Further, as any L_2-function, the product τ ^ψ is defined almost everywhere, and consequently τ might be defined only a.e.

Proof of Theorem 1.9. To prove that S(ψ_1) = S(ψ_2) it suffices to show that ψ_1 ∈ S(ψ_2) and vice versa. Defining τ := u_1/u_2, we know by the assumption on u_2 that τ is defined almost everywhere, and because the u_j ’s are 2π-periodic, so is τ. On the other hand,

^ψ_1 = τ ^ψ_2,

and ψ_1 ∈ L_2(IR^d) by assumption, and therefore, by (2.11), ψ_1 ∈ S(ψ_2), while the converse holds by symmetry.

The approximation properties of the space S(ψ) are determined by behaviour of the function

Λ_ψ := (1 −

| ^ψ|^2 ~ψ2 )^{1/2}, (2.12)

where ~ψ is the following 2π-periodization of ^ψ:

~ψ := ( � β∈2πZZ^d

| ^ψ(· + β)|^2)^{1/2}. (2.13)

The convergence of the sum in the last definition can be taken in the L_1-sense. It is easy to see that, with C := [−π, π]^d,

~ψ ∈ L_2(C) if and only if ψ ∈ L_2(IR^d). Note that Λ_ψ is non-negative and bounded by 1.

We already know, by Theorem 1.9, that, at least from a theoretical point of view, the specific choice of the localization process is not important. This choice lacks also any significance in the practical computation of approximation orders: the approximation orders depend on the behaviour of Λ_ψ (see below), but we observe that, because ^ψ = τ ^ϕ and τ is 2π-periodic, the function Λ_ϕ is also well-defined and coincides a.e. with Λ_ψ, (subject to the assumption that τ is non-zero a.e.). Thus, to dispense entirely with ψ, we define

S(ϕ) := S(ψ),

with ψ some (any) localization of ϕ. Note that, because of (2.11), the Fourier transform of every function f in S(ϕ) can be written in the form ^f = τ ^ϕ, for some 2π-periodic τ.

We could have defined S(ϕ) directly, without any recourse to localization, by an appropriate distributional interpretation of the product τ ^ϕ, τ 2π-periodic. There are two reasons for the indirect definition chosen above: first, the approximation map and its error analysis require the use a localization ψ; second, there is no real loss in the indirect definition, since by our assumption on ϕ, ^ϕ has an isolated singularity at the origin, hence of finite order, and consequently this singularity can always be removed, e.g., by an application to ϕ of a finite difference operator which annihilates polynomials of sufficiently high degree.

§2.2. The stationary case

For the sake of clarity, we first consider the stationary case. Thus, the space S := S(ϕ) is fixed and, for the given smooth f, we need to study the quantities E(f, S^h) = h^{d/2}E(f(h·), S). (2.14) The space of smooth functions is chosen as the potential space W^k_2 (IR^d):

W^k_2 (IR^d) := {f ∈ L_2(IR^d) : ‖f‖_W k_{2 (IR}d_) := (2π)^{−d/2}‖(1 + |·|)^k ^f‖_{L2(IR}d_) < ∞}.

In case k is an integer, W^k_2 (IR^d) is the usual Sobolev space of the functions whose derivatives up to order k are in L_2(IR^d).

Since the Fourier transform is an isometry on L_2(IR^d), we might alternatively study the quantities h^{d/2}E( �f(h·), ^S), with ^S the range of S(ϕ) under the Fourier transform.

Our first step is truncation: instead of approximating �f(h·), we approximate only the portion of it that is supported on some 0-neighborhood B, and add the rest of �f(h·) to the error bound. Since �f(h·) = h^{−d} ^f(·/h), it is easy to prove (cf. Lemma 3.8 of [2]) that, for any fixed 0-neighborhood B,

h^{d/2}‖ �f(h·)‖_{L2(IR}d_{\B)} ≤ c_B h^kε_f (h)‖f‖_W k_{2 (IR}d_), (2.15)

for whatever k ≥ 0 we choose, with ε_f (h) ≤ 1 and decays to 0 with h. Hence, for f ∈ W^k_2 (IR^d),

|E(f, S^h) − (2π)^{−d/2}h^{−d/2}E(χ_B ^f(·/h), ^S)| = o(1)h^k‖f‖_W k_{2 (IR}d_),

with the o(1) factor bounded independently of f, and where χ_B is the characteristic function of any fixed neighborhood of the origin. Therefore, the truncation process is harmless to the task of determining the approximation orders.

The function Λ_ϕ then enters the discussion because of the following result of [2]:

Result 2.16. Let f ∈ L_2(IR^d) and assume that supp ^f ⊂ B ⊂ C. Then

E( ^f, ^S) = ‖ ^fΛ_ϕ‖_{L2(IR}d_) = ‖ ^fΛ_ϕ‖_{L2(B)}.

From the last result we conclude that, if B ⊂ C, then

E(χ_B ^f(·/h), ^S) = ‖ ^f(·/h)Λ_ϕ‖_{L2(B)}.

Thus, since h^{−d/2}‖ ^f(·/h)Λ_ϕ‖_{L2(B)} = ‖Λ_ϕ(h·) ^f‖_{L2(B/h)}, we arrive at the following:

Corollary 2.17. Let B ⊂ C be a neighborhood of the origin, and let f ∈ W^k_2 (IR^d), k ≥ 0. Then

E(f, S^h) = (2π)^{−d/2}‖Λ_ϕ(h·) ^f‖_{L2(B/h)} + o(1)h^k‖f‖_W k_{2 (IR}d_),

with the o(1) factor bounded independently of f.

We will make now specific assumptions on the basis function ϕ which will allow us to replace Λ_ϕ in the last corollary by a simpler expression. Throughout the rest of this subsection we assume that ϕ satisfies the following conditions:

(a) Smoothness condition: The function M_ϕ which is defined by

M_ϕ^2 := � β∈2πZZ^d\0

|^ϕ(· + β)|^2 (2.18)

is (essentially) bounded on some neighborhood B of the origin. Condition (a) is satisfied by all the functions ϕ we consider, since they all enjoy the stronger property |^ϕ(w)| = O(|w|^{−(d/2+ε)}) as w → ∞. Without loss, we assume that the set B appearing in the above condition is identical with B in Corollary 2.17.

(b) “Ellipticity” condition: the function M_ϕ is bounded below away of zero around the origin, while the function |^ϕ| (which, by assumption, is defined on IR^d\0) converges to ∞ at 0.

In all the examples considered here the boundness below of M_ϕ follows from the fact that ^ϕ is continuous on IR^d\0 and does not vanish either there or in some neighborhood of ∞.

Corollary 2.19. Let f ∈ W^k_2 (IR^d), k ≥ 0. If ϕ satisfies condition (a) above, then

E(f, S^h) ≤ const‖ ^f/(^ϕ(h·))‖_{L2 (B/h)} + o(1)h^k‖f‖_W k_{2 (IR}d_), (2.20)

with const independent of f and h, and with o(1) being bounded independently of f. Furthermore, if ϕ also satisfies condition (b) above, then the converse inequality holds as well (with, possibly, a different constant).

Proof: With M_ϕ as in (2.18), we observe that

Λ^2_ϕ =

M^2_ϕ

|^ϕ|^2 + M^2_ϕ ≤ M^2_ϕ

|^ϕ|^2 .

Assuming (a), it thus follows that Λ_ϕ|^ϕ| is bounded on B, and an application of Corollary 2.17 yields (2.20).

If, further, we assume Condition (b), then, assuming also (without loss, since we can change B if necessary) that 1/|^ϕ| is bounded on B, we conclude that M^2_ϕ + |^ϕ|^2 ≤ c|^ϕ|^2, on B.

Since we also know that 1/M_ϕ is bounded on some 0-neighborhood, it follows that around the origin

Λ^2_ϕ =

M^2_ϕ

M^2_ϕ + |^ϕ|^2

≥ const|^ϕ|^{−2}.

Again, an application of Corollary 2.17 proves that the converse inequality holds as well.

Example 2.21. We proceed with case (a) of Example 2.10, i.e., assume that |^ϕ| = 1/P (on IR^d\0) with P (D) an elliptic operator, deg P > d/2. It is then easy to verify that conditions (a) and (b) that were required in Corollary 2.19 hold, and therefore we obtain the following result.

Theorem 2.22. Let ϕ be a fundamental solution of a constant coefficient homogeneous elliptic operator P (D) of order m > d/2. Then ϕ provides approximation order m in the L_2-norm for every function f ∈ W^m_2 (IR^d). Further, for any non-trivial such f, E(f, S^h) ≠ o(h^m).

Proof: By Corollary 2.19, the first statement of the theorem will be established as soon as we show that ‖ ^f/^ϕ(h·)‖_{L2(B/h)} = O(h^m) for every f ∈ W^m_2 (IR^d). Since P = 1/^ϕ ∼ |·|^m on B (and, as a matter of fact everywhere), due to the ellipticity of P (D), we can replace ‖ ^f/^ϕ(h·)‖_{L2(B/h)} by ‖|h·|^m ^f‖_{L2(B/h)} = h^m‖|·|^m ^f‖_{L2(B/h)} ≤ (2π)^{d/2}h^m‖f‖_W m_{2 (IR}d_), and the desired result follows.

If we assume that E(f, S^h) = o(h^m), then, because of Corollary 2.19,

‖ ^f/^ϕ(h·)‖_{L2(B/h)} = o(h^m),

which implies, as above, that

h^m‖|·|^m ^f‖_{L2(B/h)} = o(h^m).

Consequently, ‖|·|^m ^f‖_{L2(B/h)} = o(1), which can happen only if |·|^m ^f = 0. Therefore, f is a polynomial, and hence null, since L_2(IR^d) contains no nontrivial polynomials.

The reader should observe that the assumption m > d/2 is essential: if m ≤ d/2, ϕ is not locally in L_2.

An examination of the proof of Theorem 2.22 reveals that the actual choice of ϕ there played only a minor role. The properties of ϕ used were the satisfaction of conditions (a) and (b) and the fact that ^ϕ ∼ |·|^{−m} near the origin. Therefore, by arguments identical to those used in the last proof we obtain the following:

Theorem 2.23. Assume that ϕ satisfies the conditions stated before Corollary 2.19, and that ^ϕ ∼ |·|^{−k} on (say, the same) 0-neighborhood B, for some k > 0. Then ϕ provides approximation order k for all functions in the potential space W^k_2 (IR^d). Moreover, for every non-trivial f ∈ W^k_2 (IR^d), E(f, S^h) ≠ o(h^k).

Example 2.24. We now revisit case (b1) of Example 2.10, and since c is fixed here, we denote ϕ := ϕ(·, c). The common feature to all the basis functions considered in (b) of Example 2.10 is their Fourier transform (on IR^d\0): ^ϕ(w) = const(c, m, d)|w|^{−(m+d)/2}K_{(m+d)/2}(c|w|),

with K_ν being the modified Bessel function of third kind and order ν. The Bessel function is positive on IR^d\0 and decays exponentially at ∞, and from this we conclude that M_ϕ is bounded on C above and below by positive constants. Further, for ν > 0 K_ν is known to a have a pole of order ν at the origin, and therefore, in case m + d > 0, we conclude that ^ϕ ∼ |·|^{−(m+d)} around the origin. Thus, we can apply Theorem 2.23 to the present ϕ with k := m + d to obtain:

Corollary 2.25. Let ϕ be as in Example 2.10 (b), and assume that m+d > 0. Then the results of Theorem 2.23 hold for this ϕ with k = m + d.

Note that ϕ ∈ L_2(IR^d) whenever −d < m < −d/2, and hence for such a choice of m the definition of S(ϕ) does not require localization.

We now want to consider in the present example the extreme case when m+d = 0. Our analysis still applies to this case in the sense that conditions (a) and (b) required in Corollary 2.19 still hold here, and therefore this corollary reduces the study of E(f, S^h) to the study of ‖ ^f/^ϕ(h·)‖_{L2(B/h)}. The difference between this case and the case m + d > 0 is that the singularity of the Bessel function is now of logarithmic type. i.e., |^ϕ(w)| ∼ | log |w|| around the origin, and thus the decay rates of E(f, S^h) require the examination of

‖ ^f(w)/ log |h|w|| ‖_{L2(B/h)}.

Our result with respect to basis functions whose Fourier transform has a logarithmic singularity at the origin is as follows.

Theorem 2.26. Assume that ϕ satisfies the following two conditions: (a) M_ϕ is essentially bounded below and above by positive constants on some 0-neighborhood.

(b) ^ϕ(w) ∼ log |w| around the origin.

Then:

(i) ϕ provides no positive approximation order k for any f ∈ W^k_2 (IR^d) and any k > 0.

(ii) E(f, S^h) = o(1), for all f ∈ L_2(IR^d). (iii) For every k > 0, and every f ∈ W^k_2 (IR^d),

E(f, S^h) ≤ const| log h|^{−1}‖f‖_W k_{2 (IR}d_),

for all h ≤ h_0, where const and h_0 depend on k but not on f.

Proof: Statement (ii) follows from Theorem 1.7 of [2]. That theorem says that the property E(f, S^h) = o(1), ∀f ∈ L_2(IR^d) (referred to as “the density property”) is equivalent to Λ^2_ϕ having a Lebesgue value 0 at the origin. The result applies here since, by the assumption made on ϕ, it is clear that Λ_ϕ is continuous at the origin and vanishes there.

Now fix k > 0. To prove (i) and (iii), we follow the remarks preceding this theorem and consider the quantities

‖ ^f/ log |h·| ‖_{L2(B/h)}.

We already know that, up to a term of order o(h^k), these numbers determine the decay rates of E(f, S^h) (as h → 0). Without loss we assume that B is the ball of radius 1/e. For simplicity, we also assume that h = e^{−l} for some integer l (other values of h are treated as below with some obvious modifications). We divide the ball B/h = e^lB into annuli as follows:

R_0 := eB, R_j := {w : e^{j−1} ≤ |w| ≤ e^j }, j = 1, ..., l − 1. (2.27)

On R_j , j > 0, we have the estimate (log(h|w|))^{−2} ≤ (j − l)^{−2}, and thus, for f ∈ W^k_2 (IR^d),

‖ ^f/ log(h|·|)‖^2_{L2(Rj )} ≤e^{−2k(j−1)}(j − l)^{−2}‖|·|^k| ^f|‖^2_{L2(Rj )} ≤const e^{−2kj} (j − l)^{−2}‖f‖^2_W k_{2 (IR}d_).

Summing this last estimate for j = 1, ..., l − 1, we arrive at � (B/h)\R_0

| ^f|^2(log(h|·|))^{−2} ≤const‖f‖^2_W k_{2 (IR}d_) l−1� j=1 e^{−2kj} (l − j)^{−2}

=const‖f‖^2_W k_{2 (IR}d_)e^{−2kl} l−1� m=1 e^{2km}/m^2.

Elementary integral tests show that the sum in the last expression is O(e^{2kl}/l^2)

= O(h^{2k}/ log^2 h), and therefore � (B/h)\R_0

| ^f|^2(log(h|·|))^{−2} ≤ const‖f‖^2_W k_{2 (IR}d_)| log h|^{−2}.

Also, on R_0 we have � R_0

| ^f|^2(log(h|·|))^{−2} ≤ (log h)^{−2}‖ ^f‖^2_{L2(IR}d_) ≤ const(log h)^{−2}‖f‖^2_W k_{2 (IR}d_).

We conclude that for some f-independent h_0 and const, and for every h ≤ h_0, ‖ ^f/^ϕ(h·)‖_{L2(B/h)} ≤ const‖f‖_W k_{2 (IR}d_)/| log h|.

Substituting this into Corollary 2.19, we obtain (iii).

We now prove (i): let f ∈ W^k_2 (IR^d). Upon assuming that ϕ provides approximation order k to f, we conclude from Corollary 2.19 that ‖ ^f/ log(h|·|)‖_{L2(B/h)} = O(h^k). (2.28) Let j ∈ ZZ and let R_j be the annulus in (2.27). For sufficiently small h, R_j ⊂ B/h, hence ‖ ^f/ log(h|·|)‖_{L2(Rj )} = O(h^k) and since (log(h|·|))^2 ≤ (log h−j+1)^2 on R_j , we conclude that ‖ ^f/ log(h|·|)‖_{L2(Rj )} ≥ | log h − j + 1|^{−1}‖ ^f‖_{L2(Rj )}.

Combining (2.28) with the last inequality, we arrive at

lim sup h→0 h^{−k} | log h − j + 1|

‖ ^f‖_{L2(Rj )} < ∞,

which can happen only if ^f = 0 a.e. on R_j . Since j was arbitrary, ^f = 0 a.e. on IR^d\0, hence f = 0.

We have discussed cases (a) and (b) in Example 2.10. Let us briefly review case (c) there. In the two examples considered in (c) ^ϕ is a continuous positive function with exponential decay at ∞. Therefore, Λ_ϕ is a continuous positive function. If now f ∈ L_2(IR^d) = W^0_2 (IR^d) then, by Corollary 2.19, (with S := S(ϕ)), E(f, S^h) =const‖Λ_ϕ(h·) ^f‖_{L2(C/h)} + o(1) ≥const‖ ^f‖_{L2(C/h)} + o(1) → const‖ ^f‖_{L2(IR}d_).

Therefore, unless f = 0, E(f, S^h) ≠ o(1), i.e., ϕ does not provide even density order zero for any non-zero L_2-function. Here, the only information used is the fact that Λ_ϕ is non-zero on C (and actually C could have been replaced by any neighborhood of the origin). Therefore, we have

Corollary 2.29. Assume that Λ_ϕ is bounded below by a positive constant in some neighborhood of the origin. Then, for every non-trivial f ∈ L_2(IR^d),

E(f, S^h) ≠ o(1).

In particular, this holds for ϕ = e^{−c|·|2} and ϕ = (|·|^2 + c^2)^{−(d+1)/2}.

§2.3. The non-stationary case

In the context of radial basis functions the notion of “non-stationary case” is connected with “spectral approximation orders”. Here, we employ a sequence {ϕ_h}_h of basis functions each of which is some dilate ϕ(λ(h)·) of one fixed function ϕ. In the analysis of the stationary case the approximation orders provided by ϕ were determined by the behaviour of ^ϕ on small neighborhoods of the lattice 2πZZ^d. This is no longer the case here, and our conditions on ^ϕ are of global nature.

Define S_h := S(ϕ_h). The approximation order provided by {ϕ_h}_h to the function f is determined by the rate of decay (as h → 0) of the numbers

E(f, S^h ), h > 0. (2.30)

For f ∈ W^k_2 (IR^d), Corollary 2.17 shows that

E(f, S^h ) = (2π)^{−d/2}‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} + o(1)h^k‖f‖_W k_{2 (IR}d_).

It is important to note that second term in the last equation, the truncation error, is independent of {ϕ_h}_h.

The basic idea in the derivation of spectral orders is very simple: we estimate

‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} ≤‖ ^f‖_{L2(IR}d_)‖Λ_{ϕh} (h·)‖_{L∞(B/h)}

=(2π)^{d/2}‖f‖_{L2(IR}d_)‖Λ_{ϕh} ‖_{L∞(B)}.

We do not want to specify in advance the smoothness class from which f is selected, and therefore we are unable to bound the truncation error in the way we did in Corollary 2.17. Instead, we recall, (2.15), that this truncation error has the form

h^{d/2}‖ �f(h·)‖_{L2(IR}d_{\B)} = ‖ ^f‖_{L2(IR}d_{\(B/h))}.

In summary, we obtain the following seemingly coarse estimate for E(f, S^h ):

E(f, S^h ) ≤ ‖f‖_{L2(IR}d_)‖Λ_{ϕh} ‖_{L∞(B)} + const‖ ^f‖_{L2(IR}d_{\(B/h))}. (2.31)

Our objective is to make the first term above decaying to zero so fast that, unless f is exceptionally smooth, the approximation rate provided by {ϕ_h}_h to f will be determined by the second term, i.e., by the smoothness of f. Recall that by (2.15) the second term here is o(h^k) for every f ∈ W^k_2 (IR^d), hence in particular we have the following:

Proposition 2.32. Assume that the sequence {ϕ_h}_h satisfies, for some 0- neighborhood B,

‖Λ_{ϕh} ‖_{L∞(B)} = O(h^k), ∀k ∈ IR_+.

Then, with S_h := S(ϕ_h), E(f, S^h ) = o(h^k)

for every f ∈ W^k_2 (IR^d).

In order to estimate ‖Λ_{ϕh} ‖_{L∞(B)}, we write again

Λ^2_{ϕh} =

M^2_h |^ϕ_h|^2 + M^2_h ≤ M^2_h |^ϕ_h|^2 ,

with M^2_h := � β∈2πZZ^d\0 |^ϕh(· + β)|

2. In the stationary case we dispensed with M_h by assuming that in some small neighborhood of the origin M_h is bounded above; the desired properties of Λ_ϕ were then derived from the behaviour of 1/^ϕ at the origin. This is no longer the case: choosing

ϕ_h := λ(h)^dϕ(λ(h)·),

we have ^ϕ_h = ^ϕ(·/λ(h)),

and therefore, if λ(h) → 0 with h and ^ϕ decays fast at ∞, the values M_h assumes around the origin tend to zero, with their decay rates being controlled by {λ(h)}_h. At the same time, ^ϕ_h also tend to 0, and thus an estimate of the form ‖Λ_{ϕh} ‖_{L∞(B)} ≤ const‖M_h‖_{L∞(B)}

is not valid.

In order to focus our discussion and in view of the examples that initiate this discussion, we assume that

|^ϕ(w)|^2 ∼ σ(|w|),

for some univariate positive function σ which is non-increasing on [0, ∞). Let ρ < 2π; then for w in B_ρ := {w : |w| < ρ} we have: M_h(w)^2 = � β∈2πZZ^d\0

|^ϕ((w + β)/λ(h))|^2

≤const � β∈2πZZ^d\0

σ((|β| − ρ)/λ(h))

≤const ∞� j=1 σ((2πj − ρ)/λ(h))j^{d−1}

≤const

�_∞

2π−ρ

σ(t/λ(h))t^{d−1} dt

=constλ(h)^d

�_∞

(2π−ρ)/λ(h)

σ(t)t^{d−1} dt.

(2.33)

On the other hand, we can also estimate

|^ϕ(w/λ(h))|^2 ≥ const σ(ρ/λ(h)), w ∈ B_ρ

which, together with (2.33), yields the following bound for ‖Λ_{ϕh} ‖_{L∞(Bρ)}:

‖Λ_{ϕh} ‖^2_{L∞(Bρ)} ≤ constλ(h)^d

�_∞

(2π−ρ)/λ(h) σ(t)t

d−1 dt σ(ρ/λ(h)) . In view of (2.31) and Proposition 2.32, we arrive at the following: Theorem 2.34. Assume that ^ϕ(w)^2 ∼ σ(|w|) on IR^d, where σ is a univariate non-increasing positive function defined on [0, ∞). Let S_h := S(ϕ(λ(h)·)), λ(h) > 0. Then, for 0 < ρ < 2π and f ∈ L_2(IR^d),

E(f, S^h ) ≤ c_ρ‖f‖_{L2(IR}d_)

� λ(h)^d

�_∞

(2π−ρ)/λ(h) σ(t)t

d−1 dt σ(ρ/λ(h))

�_{1/2}

+ ‖ ^f‖_{L2(IR}d_{\Bρ/h)}.

In particular, for f ∈ W^k_2 (IR^d), E(f, S^h ) = o(h^k) if λ(h)^d

�_∞

(2π−ρ)/λ(h) σ(t)t

d−1 dt σ(ρ/λ(h))

= o(h^{2k}).

The point in this theorem is to choose ρ < π and to rely on the decay of σ (equivalently, |^ϕ|) at ∞. In order to capture Examples (b2) and (c) in Example 2.10, we assume ^ϕ to decay exponentially with order r > 0 and type n > 0:

σ(t) := e^{−2n|t|r} .

Assuming that λ(h) < 1, we have for this σ that

λ(h)^d

�_∞

(2π−ρ)/λ(h)

σ(t)t^{d−1} dt ≤ const_{n,r,d,ρ} λ(h)^rσ((2π − ρ)/λ(h)).

Consequently

λ(h)^d

�_∞

(2π−ρ)/λ(h) σ(t)t

d−1 dt σ(ρ/λ(h))

≤ conste^{−2ncλ(h)−r} ,

with c := (2π −ρ)^r −ρ^r. Therefore, Theorem 2.34 reads in this case as follows: Corollary 2.35. If ^ϕ(w) ∼ e^{−n|w|r} on IR^d, and S_h := S(ϕ(λ(h)·)), 0 < λ(h) < 1, then, for 0 < ρ < π and f ∈ L_2(IR^d),

E(f, S^h ) ≤ const � ‖f‖_{L2(IR}d_)e^{−ncλ(h)−r} + ‖ ^f‖_{L2(IR}d_{\Bρ/h)} � , where c = (2π − ρ)^r − ρ^r. In particular, for f ∈ W^k_2 (IR^d), E(f, S^h ) = o(h^k) if e^{−ncλ(h)−r} = o(h^k).

The last result indicates that the approximation properties of {S(ϕ_h)}_h are improved with the acceleration of the decay of λ(h) to 0. However, when choosing {λ(h)}_h it is good to keep in mind the effects this choice might have on the numerical stability of the approximation process: as λ(h) becomes small, the function ϕ_h flattens, and approximation schemes from S(ϕ_h) become less and less stable.

Corollary 2.35 covers the examples of the Gaussian kernel ϕ = e^{−|·|2} (r = 2 n = 1/4), and ϕ = (|·|^2 + 1)^{−(d+1)} (r = n = 1). Also, with some simple modifications, it can be used to cover the examples considered in Example 2.10(b). However, for the case m + d > 0 there, an improved version of Corollary 2.35 is available. This version takes a simultaneous account of the positive effect of the singularity of ^ϕ at the origin and its decay at ∞. We first state and prove a general result along these lines, and then apply it to Example 2.10(b2). In the theorem below, we use the notation

q_l(w) := � 1, |w| ≤ 1, |w|^l, |w| ≥ 1.

Theorem 2.36. Assume that ^ϕ(w) ∼ |w|^{−j} e^{−n|w|r} q_l(w) on IR^d for some positive j, n, r and real l ≤ j. Let ϕ_h := λ(h)^dϕ(λ(h)·), S_h := S(ϕ_h). Then, for 0 < c < (2π)^r and for every f ∈ W^k_2 (IR^d), we have

E(f, S^h ) ≤ o(h^k) + constλ(h)^{−(j+l−r)}e^{−ncλ(h)−r} � ‖f‖_W k_{2 (IR}d_)h^k, k ≤ j, ‖f‖_W j_{2 (IR}d_)h^j , k ≥ j.

Proof: For f ∈ W^k_2 (IR^d), k ≤ j, we estimate ‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} as follows:

‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} ≤h^k ‖ |·|^k ^f‖_{L2(B/h)} ‖ |·|^{−k}Λ_{ϕh} ‖_{L∞(B)}

≤const h^k ‖f‖_W k_{2 (IR}d_) ‖

M_{ϕh} ^ϕ_h

|·|^{−k}‖_{L∞(B)}.

To estimate ‖^{Mϕh}^_{ϕh} |·|^{−k}‖_{L∞(B)}, we use the fact that for β ∈ 2πZZ^d\0 and w sufficiently small, since l ≤ j,

q_l((w + β)/λ(h)) |w + β|^j q_l(w/λ(h)) ≤ (^{|w+β|}_{λ(h)} )^l |w + β|^j

≤ const λ(h)^{−l} |β|^{l−j} ≤ constλ(h)^{−l}.

This together with the assumptions made in theorem imply that

^ϕ_h(w + β) ^ϕ_h(w) = ^ϕ((w + β)/λ(h)) ^ϕ(w/λ(h))

≤ const|w|^j λ(h)^{−(j+l)} e^{−n|w+β|r λ(h)−r} e^{−n|w|r λ(h)−r} .

Thus a bound on^{Mϕh}^_{ϕh} requires a bound on^{Mψh}^_{ψh} , with ψ_h := ψ(λ(h)·), and ψ the inverse transform of e^{−n|·|r} . Such a bound has been computed in the proofs of Theorem 2.34 and Corollary 2.35, where it was shown that ‖ M_{ψh} ^ψ_h

‖_{L∞(Bρ)} ≤ const λ(h)^re^{−ncλ(h)−r} ,

with c = (2π − ρ)^m − ρ^m. Thus our combined estimate is the following M_{ϕh} (w) ^ϕ_h(w)

|w|^{−k} ≤ constλ(h)^{−(j+l−r)}|w|^{j−k}e^{−ncλ(h)−r} , w ∈ B_ρ.

Since k ≤ j, |w|^{j−k} is bounded on B_ρ, and our final estimate becomes ‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} ≤ consth^kλ(h)^{−(j+l−r)}e^{−ncλ(h)−r} ‖f‖_W k_{2 (IR}d_).

Invoking Corollary 2.17, we obtain the desired result for k ≤ j.

If k > j, we alternatively use the bound ‖Λ_{ϕh} (h·) ^f‖_{L2(B/h)} ≤h^j ‖ |·|^j ^f‖_{L2(B/h)} ‖ |·|^{−j} Λ_{ϕh} ‖_{L∞(B)}

≤const h^j ‖f‖_W j_{2 (IR}d_) ‖

M_{ϕh} ^ϕ_h

|·|^{−j} ‖_{L∞(B)},

and follow the proof of the first case. The only change is the disappearance of the factor |w|^{k−j} .

We can now revisit case (b2) in Example 2.10, where we choose the parameter c to be 1. Recall that for ϕ there, ^ϕ = const|·|^{−(m+d)/2}K_{(m+d)/2}(|·|), with K_ν the modified Bessel function of order ν. Since K_ν (w) ∼ e^{−w}w^{−1/2} when w → ∞, is positive on IR_+, and, in case m + d > 0, has a pole of order (m + d)/2 at the origin, we conclude that, for m + d > 0 and on IR_+, w^{(m+d)/2}K_ν (w) ∼ e^{−w}q_{(m+d−1)/2}(w).

This shows that ϕ here satisfies the conditions required in Theorem 2.36 for the choice j = m + d, n = r = 1, and l = (m + d − 1)/2, thereby proving the following:

Corollary 2.37. Let ϕ be any of the functions considered in Example 2.10(b), with m + d > 0. Define S_h := S(ϕ(λ(h)·)), λ(h) > 0. If f ∈ W^k_2 (IR^d) then, for 0 < c < 2π and with ν := −3(m + d − 1)/2,

E(f, S^h ) ≤ o(h^k) + constλ(h)^ν e^{−c/λ(h)} � ‖f‖_W k_{2 (IR}d_)h^k, k ≤ m + d, ‖f‖_W m+d_{2 (IR}d_)h^{m+d}, k > m + d.

Acknowledgments. Supported in part by NSF Grant DMS - 9102857 and by ARO contract 89 - 0455

References

1. de Boor, C., Quasiinterpolants and approximation power of multivariate splines. Computation of Curves and Surfaces, M. Gasca and C. A. Micchelli (eds.), Dordrecht, Netherlands: Kluwer Academic Publishers, (1990), 313–345.

2. de Boor, C., R. A. DeVore and A. Ron, Approximation from shiftinvariant subspaces of L_2(IR^d), CMS TSR #92-2, University of Wisconsin- Madison, July 1991.

3. de Boor, C. and R.Q. Jia, Controlled approximation and a characterization of the local approximation order, Proc. Amer. Math. Soc. 95 (1985) 547-553.

4. de Boor, C. and A. Ron, Fourier analysis of approximation power of principal shift-invariant spaces, Constr. Approx., to appear.

5. Buhmann, M. D., Multivariate interpolation with radial basis functions, Constr. Approx. 6 (1990), 225–256.

6. Buhmann, M. D., On Quasi-Interpolation with Radial Basis Functions, ms. (1991).

7. Buhmann, M. D., and N. Dyn, Error estimates for multiquadric interpolation, in Curves and Surfaces, P.-J. Laurent, A. Le Méhauté, and L. L. Schumaker (eds.), Academic Press, New York, 1991, 1–4 8. Dyn, N., I.R.H. Jackson, D. Levin, A. Ron, On multivariate approximation by the integer translates of a basis function, Israel J. Math., to appear.

9. Dyn, N. and A. Ron, Local approximation by certain spaces of multivariate exponential-polynomials, approximation order of exponential box splines and related interpolation problems, Trans. Amer. Math. Soc. 319 (1990), 381-404.

10. Halton, E. J. and W. A. Light, On local and controlled approximation order, J. Approx. Theory, to appear.

11. Jackson, I .R .H., An order of Convergence for some radial basis functions, IMA J. Numer. Anal. 9 (1989), 567–587, 12. Jia, R.-Q. and J. Lei, Approximation by multiinteger translates of functions having global support, J. Approx. Theory, to appear.

13. Lei, J. and R.-Q. Jia, Approximation by piecewise exponentials, SIAM J.

Math. Anal., to appear 14. Light, W. A. and E. W. Cheney, Quasi-interpolation with translates of a function having non-compact support, Constr. Approx. 8 (1992), 35–48.

15. Madych, W. R., Error estimates for interpolation by generalized splines, preprint.

16. Madych, W. R. and S. A. Nelson, Polyharmonic cardinal splines I, J.

Approx. Theory40 (1990), 141–156.

17. Powell, M. J. D., The theory of radial basis function approximation in 1990, DAMTP rep. NA11, University of Cambridge.

18. Ron, A., Exponential box splines, Constr. Approx. 4 (1988), 357-378. 19. Ron, A., A characterization of the approximation order of multivariate spline spaces, Studia Math. 98(1) (1991), 73–90.

20. Strang, G. and G. Fix, A Fourier analysis of the finite element variational method. C.I.M.E. II Ciclo 1971, in Constructive Aspects of Functional Analysis ed. G. Geymonat 1973, 793-840.

Amos Ron Computer Sciences Department University of Wisconsin-Madison 1210 W. Dayton St. Madison, WI 53706, USA amos@cs.wisc.edu