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Introduction. In [4], interpolation by cubic spline functions is discussed,
and some best approximation properties of the cubic spline fit are described. This
note extends the results of [4], in a somewhat modified form, to spline functions of
odd degreem = 2k — 1,k = 2.

Definition. A spline function of degree m with joints & < & < -+ < g,
is defined as a function F(zx) with the following two properties ([2], p. 67):

a. In each of the intervals (— o, &), [£&, &), <+, [&, «), F(z) is a poly-
nomial of degree m;

b. F(z) has continuous derivatives through the (m — 1), or, for short,
F(x) e C™.

The class of functions F(x) with these properties will be denoted by
Sm(gl y "% En)'

The following lemma establishes the existence and uniqueness of a spline
function of degree (2 — 1) with (n — 1) joints which coincides with a given
function f(z) at (n + 1) prescribed points. The lemma is a consequence of

Theorem 2 in [3], p. 258.

Lemma 1. Let {(z) be any function of class C*[a, b@r each choice of n + 1
abscissae x; , 0 = o < x; < -+ < &, = b, there exists exactly one spline function
i Ser_1(@y, *++ , ZTa—y), denoted by 3(z), such that

¢y @) = f@), ©=0,--,mn,
(2) §(,H‘i)("’vi) = O) 1= 0; n; j = O; B k — 2)
where 5™ () denotes the m* deriwative of 5(z).

It has been known for some time (cf., e.g. [2], p. 67) that in the case k = 2 of
cubic splines the interpolating function 3(x) minimizes [3 [u"(z)]* dz among all
functions u(x) e C* which coincide with f(z) at the points z; ,4 = 0, --- , n. The
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cubic spline function §(x) gives therefore, approximately, the shape of a thin beam
or “spline”’, which is forced to go through the points {z, , f(z:)},2 =0, --- , n.
This result can be seen by considering the integral [ [u”(z)]’ dx as a linearized
approximation to the strain energy of a thin beam, which is [ «/”*/(1 + w'*)** dz.
Thus 5(z) minimizes the strain energy subject to the geometrical constraints
stated (cf. [1], p. 92-98). The corresponding nonlinear problem was first con-
sidered by L. Euler and D. Bernoulli.
The inner product

© t,0n = [ 1Y@0"@) dn

is defined for any two functions f, ¢ which have square-integrable kt derivatives
on [a, b]. It defines a pseudo-norm

€ 1l = [(f, N:I™?

on the linear space C*[a, b], in which ||f||, = 0 if and only if f(z) is a polynomial
of degree (k — 1) or less.

Theorem 1. Among all the functions u(x) € C*[a, b], which satisfy (1') u(z;) =
f(x:), 2 = 0, -+ -, n, the presudo-norm ||u||, 1s minimized by 3(z).

In this sense, the spline function 3(x) is the smoothest function interpolating
f(x) at the points x; , 2 = 0, -+ , n.

This theorem is a direct consequence of the following lemma.

Lemma 2. If {(x) e C*[a, b], and 5(x) € Sax_a (X, , - -+ , T,) salisfies (1) and (2),
then

(%) 1" = 18]l = 1If — sll".
Proof. Let 9(x) = f(x) — §(x). The right-hand side of (5) may be written as
(6) [nll® = [fIk* = |[sI" = 2(n, -

By successive integration by parts, one has

k-2 b b

@ (8= [E (—1)ifl(k—l_5)(x)§(k+i)(x):| + (=D f 7’ (@) (2) da.
i=0 a a

The first term of the right-hand side of (7) vanishes because of (2). Since §**7* (z)

is a constant in each of the intervals (z; , :..), ¢=0, -+ - , n—1, (zo=a, z,=D),
one has for the second term
b n—-1 Zi+a
® [ @ @de = X[ @@ de
a i=0 Jzi
n—1

= X [1@ir)) — (@) (- interval),
i=0
and this, by (1), is zero.

Remark. Lemmas 1 and 2 remain true, if condition (2) is replaced by
2" §°@) = @), i=0m j=1,---,k—1



SPLINE FUNCTIONS 749

Lemma 2'. If f(x) £ C*a, b, and 3(x) & Spci(®1 , *++ , Z.1) satisfies (1)
and (2') then
®) F1L* = 118117 = [If — 51"

For the remainder of this note, let 5(x) € Sa—1(2: , -+- , Z,_;) denote the
unique spline function of degree 2k — 1 which satisfies (1) and (2’), and hence (5).

Theorem 1'. Among the functions u(x) e C*[a, b], which satisfy (1) and (2'),
(with 5(x) replaced by u(x)), the norm ||ul|; 18 minimum for 5(x).

Lemma 2’ not only implies Theorem 1’, but provides a characterization
of the best approximation s*(x) to f(x) e C*[a, b] by spline functions
s(x) € Sex—1 (X1, *** , T,—1) With respect to the measure of approximation

) [f — s]ls.
A best approximation s*(x) & Sy (2, * - , Z.y) has to satisfy
(10) ”f - S*Hk = ”f - 'S'”k; for all s & Spa (1, -+, Tuma).

Since [|f|lx = 0 if and only if f(z) is a polynomial of degree (¢ — 1),
i.e., f(x) = P,_,(x), best approximations are not unique; (s(z) + Pi_,(z)) is a
best approximation, if s(z) is.

Theorem 2. For f(z) € C"[a, b],
1y s*(x) = 5(x) + Piy(z),

i.e.. the spline function 3(x) interpolating f(x) at the points z; , 7 = 0, --- , m,
and satisfying (2'), is a best approximation to f(x) by spline functions in
Sor—1(1, =+, Tae1) With respect to the measure of approximation (9).

Proof. Let s(z) be any function in Sy (@1, «++ , ,—1). In Lemma, 2, replace
f(x) by (f(x) — s(z)). Then (5(z) — s(z)) is the corresponding unique function
in Sep1(@:, ++ -, X,-1) satisfying (1) and (2'), so that

(12) [If = 8l = [lf — sll* — I8 — s|l"
Hence
lf = sl = [If = sll,
with equality holding if and only if ||§—s||, = 0,—.e., when s(z) =35(x)+ P\, (2).
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