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ABSTRACT

Under certain assumptions on the compactly supported function ¢ € C(R?), we propose
two methods of selecting a function s from the scaled principal shift-invariant space S" ()
such that s interpolates a given function f at a scattered set of data locations. For both
methods, the selection scheme amounts to solving a quadratic programming problem and
we are able to prove errror estimates similar to those obtained by Duchon for surface spline
interpolation.

1. Introduction

The scattered data interpolation problem in R is the following: Given a set of scattered
points Z C R? and a function f defined at least on =, one seeks a ‘nice’ function s which
interpolates the data f|:; that is, which satisfies s(§) = f(£) V€ € =. The reader is referred

to the surveys [3] and [5] for descriptions of a variety of interpolation methods. One such
method is that of surface spline interpolation (see [4]) which we now describe.

Let m € N := {1,2,3,...} be such that m > d/2, and let H™ denote the set of all
tempered distributions f for which DYf € Ly := Ly(RY) for all |a| = m. For measurable
ACR%and f € H™, we define the seminorm

|||f|||Hm(A) = (2) v Z Ta || D fHLQ(A)7

la|=m

where the 7,’s are the positive integers determined by the equation |:1;|2m = E|a|:m Tal?%,

z € R% In case A = R, we write simply ||| f|||;;»- The surface spline interpolation method
dictates that s € H™ be chosen to minimize |||s|||;» subject to the interpolation conditions
S|z = f|: If = is finite and not contained in the zero-set of any nontrivial polynomial

in II,,,—1 := {polynomials of degree < m — 1}, then the surface spline interpolant s can
be realized as the unique function which interpolates the data f|: and has the form s =

q+ 2565 AeC (- — &) , where ¢ € II,,,_1, the A¢’s satisfy 2565 Aer(€) =0 Vr e 1Il,,—4, and

( is the radially symmetric function
|2 if d is odd,
C(l’) - 2m—d . . S Rd'
|| log |x| if d is even,

In order to discuss the error between f and s, let us assume that € is open, bounded,
and has the cone property, and assume also that = C Q := closure($2). The ‘fill distance’
from = to Q is the quantity § := §(=,Q) := sup,cq infeez [¢ — ¢]. Duchon [4] has shown
that if s is the surface spline interpolant to f at =, then

(L1) 1 = sllz, ) < consto™ 2P| £l Wf € H™

for 2 < p < oo and § sufficiently small. What is interesting about the proof of (1.1) is that
it hinges not on the fact that s minimizes |||s|||;m, but rather on the fact that |||s||;m
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is bounded by const|||f|||zm. The point being that the form of s is irrelevant. To obtain
(1.1), all that is needed is that s interpolate f|: while maintaining |||s|||zm < const|||f|||gm-

With this in mind we consider interpolation from principal shift-invariant spaces.
Let ¢ : RY — C be continuous and compactly supported. The semi-discrete convolution
® *' ¢ between ¢ and a function ¢ (defined at least on Z?) is defined by

o+ ci= Y e(j)e(- — ),

JEZA
with convergence taken uniformly on compact sets. For A C R? let
S(¢, A) :={d " c:c(j) = 0 whenever suppd(-—7)NA =0}

The space S(¢,RY) is a shift-invariant space because s(- — j) € S(¢,RY) whenever s €
S(¢,RY) and j € Z% Tt is called a principal shift-invariant space because it is generated
by the single function ¢. The space S(¢, A) is refined by dilation for which we employ the
dilation operator o, defined by

onf = f(h).
For h > 0 and A C R? let

Sh(p, A) = {o1/h8:5¢€ S(p,h 1A}

In other words, (¢, A) is the closure, in the topology of uniform convergence on compact
sets, of span{p(-/h —j) : j € Z%, suppp(-/h — )N A # (0}. Let @ C R? be open and
bounded. The approximation order of the scale of spaces {S"(¢,Q)},>0 can be character-
ized in terms of the Strang-Fix conditions:

Definition 1.2. ¢ is said to satisfy the Strang-Fiz conditions of order m (m € N) if
#(0) # 0 and D¥¢(275) = 0 V5 € Z4\0, |a] < m.

Here q/b\ denotes the Fourier transform of ¢. It is known (see [7]) that ¢ satisfies the
Strang-Fix conditions of order m if and only if

sesi‘llr(lgﬂ%d) Ilf —SHLP =0(h™)ash =0 VfeW 1<p<oo,

where W denotes the Sobolev space (see [1]) of all tempered distributions f for which
Def € L, := L,(RY) V]a| < m.

Assume that ¢ satisfies the Strang-Fix conditions of order m for some m € N with
m > d/2. We show in Section 2 that if = is a finite subset of Q, then S"(¢, Q) contains
functions which interpolate f|: whenever h is sufficiently small; precisely, whenever 0 <

h < sep(Z)/e4, where ¢4 is a positive constant depending only on ¢ and where

sep(Z) = inf{[{ —¢']: £, € E.(# ¢}

denotes the separation distance in =. Of course, in this case, there are infinitely many
functions in S"(#,Q) which interpolate f|: In light of the discussion surrounding (1.1),
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a sensible way of selecting a particular interpolant s € S%(¢, ) is to choose one which
minimizes |||s|||mq). In Section 7, under the additional assumptions that ¢ € W3" and
that € is connected and has a Lipschitz boundary, we show that if s is chosen in this
manner then (1.1) holds whenever § is sufficiently small and 0 < h < sep(Z)/e4.

The additional assumption that ¢ € W) is very strong, and a quick survey of ‘distin-
guished’ box-splines (see [2]) or B-splines reveals numerous examples where ¢ satisfies the
Strang-Fix conditions of order m but ¢ ¢ WJ*. For example, in the univariate case (d = 1),
the function ¢ := (1— |‘|)X[_171] satisfies the Strang-Fix conditions of order 2, but does not

belong to W because ¢ is not a function. A great share of the effort in the present work
is devoted to replacing this assumption with the weaker assumption that ¢ € W} where
x € N is such that d/2 < k < m. Note that this supports the abovementioned univariate
example ¢ := (1 — |-|)X[_1 . if we take k = 1.

Unfortunately, the ‘cost” functional [|[s|||7m g, is no longer meaningful when x < m for

the simple reason that the functions in S%(¢, Q) are not assumed to lie in H™. This is very
similar to the situation encountered in [9]. There, the natural choice of the cost functional
was |||s||| 2 but the functions s under consideration were spanned by translates of the
function ¢ (mentioned above) which does not locally belong to H?™. This difficulty was
overcome in [9] by using a cost functional of the form |||§7%(-/&) * || jy2m Where 1 is a well
chosen exponentially decaying function. We employ a similar cure. In Section 3 we show
that there exists a compactly supported distribution n such that i ~ (14 |-|2)(”_m)/2. The
cost functional

(1.3) 1R ( /1) # s]l] gy

is now well defined because n*¢ € WJ* (by Proposition 3.3). In order to obtain something
like (1.1) we have to slightly adjust our approach. We assume only that €2 is open, bounded
and has the cone property, and we let o be any open, bounded set which contains Q. With
0 < h <sep(Z)/ey, we choose s € S*(4,Q0) to minimize (1.3) subject to the interpolation
conditions S|z = f|: In Section 6 we show that if § is sufficiently small, then

1F = sl ) < constg™ PP pl 0 W2 < p < oo, f € WY,

where

1 lg = |2+ 1P

Lo

An outline of the paper is as follows: In Section 2 we prove that interpolants from
Sh(¢, A) exist whenever 0 < h < sep(\A)/ey, while in Section 3 we settle some technical
issues relating to the convolution 1 * f when f is a tempered distribution. We show in
Section 4 that the error is controlled by the cost functional (1.3). The operator norm of
the operator ¢+’ is analyzed in various settings in Section 5. Finally, in Section 6 and
Section 7, the two abovementioned interpolation schemes are described and analyzed.

Throughout this paper we use standard multi-index notation: D% := aa;all aa;fQ e aa;add .
1 2 d
For multi-indices «, we define |a| := a1 + a3 + -+ + a4, while for z € Rd, we define

|z| = \/:1;% + :1;% + .4 :1;2. The Fourier transform of a function f is defined formally
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by ]/C\(w) = fﬂg e~ f(2)dr and plays an important role in the sequel. One related fact
which follows from the Plancherel Theorem is that |||f|||;~ has the representation in the

||mﬂ L) for all f € H™. It follows form this that |||os f||ym =

=42 Fll e annd ||| £]l| g < HfHWQm The space of compactly supported C'* functions

Fourier domain as

is denoted C'2°(R%). The space C.(A) is the set of all continuous functions having compact
support contained in A. If ¢ is a distribution and ¢ is a test function, then the application
of p to g is denoted (g, ). We employ the notation const to denote a generic constant in the
range (0..0o0) whose value may change with each occurence. In the statement of results we
specify the dependencies of any const while in proofs we omit the dependencies for the sake
of brevity. Two oft employed subsets of R? are the open unit ball B := {x € R?: |z| < 1}
and the unit cube C := [1/2..1/2)%

2. Existence of Interpolants from S%(¢, A)

The following lemma gives sufficient conditions for the existence of interpolants to f

from S"(¢, A).

Lemma 2.1. Let ¢ € C.(RY) satisfy the Strang-Fiz conditions of order m > 1. There
exists €4 > 0 (depending only on ¢) such that of 0 < h < sep(A)/ey and f € (2(A),
then there exists s € S"(p, A), say s = o1/u(¢ ' ¢), such that S|, = f|A and |lc[l,, <

const(qﬁ) HfHZQ(A)'

Proof. 1t suffices to consider the case i = 1 since the general case can then be obtained
by scaling. It is known [8] that ¢ ' 1 = ¢(0). Put N := {j € Z%: supp (- — 5) N C # (}.
Let b: Z% — C be given by b := XN/qb(O), and put ¢ := ¢ *’ b. Note that ¢» = 1 on C.
Put r := max{|z| : © € N'Usuppp} and g4 := 2r +/d. Assume sep(A) > 4. For z € RY,
let [¢] € Z" be defined by x € [2] + C. Put ¢ := 3,4 f(a)b(- — [a]) and § := ¢+’ <.
The choice of ¢4 ensures that the supports of the sequences {b(- — [a])}sc.4 are pairwise
disjoint. Consequently, [[e]]y, = 32 ,c4 [F(@)[* [6(- = [aD)ll7, = IIBll7, IIFll7,4)- The choice
of €4 also ensures that the supports of the functions {¢)(- — [a]) }ae.a are pairwise disjoint.
Hence, if a € A, then 5(a) = 3, c4 f(d')¥(a — [d']) = fa)(a —[a]) = f(a). It may be
the case that 5 ¢ S(¢,A), so define ¢ : Z? — C by ¢(j) := ¢&(j), if suppo(- — j) N A # 0,
and ¢(j) = 0 otherwise. Put s := ¢+’ ¢. Then s(a) = s(a) = f(a) for all « € A and
lelle, < ll€lle, = const [ fll,,- O

3. Convolution with the distribution n

In this section we settle some technical issues related to our cost funcitonal (1.3). We
begin by proving the existence of the compactly supported distribution  mentioned in the
introduction.
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Lemma 3.1. Let k,m € N be such that d/2 < k < m. There exists a compactly supported
distribution n such that

(3.2)  const(m, d)(1 + |w>)*7™/? < Hlw) < const(m,d)(1 + |w]*)F~™/2 v e RY

Proof. Define the tempered distribution n; by 71 := (1 + |-|2)("”_m)/2 € M, and let ( €
C>(R?) be such that ((0) = 1 and EZ 0. Put 5 := n1(. Then 5 is compactly supported
and ) = (277)_d5>|< M. Since Edecays rapidly and is non-negative (and not identically 0),
we obtain (3.2). O

With the existence of 1 settled, we turn now to the issue of defining the convolution
n * f assuming only that f is a tempered distribution. Our definition is valid not just for
n, but for any tempered distribution whose Fourier transform lies in the space M defined
below.

Let S denote the ‘rapidly decreasing functions’ (the test functions associated with tem-
pered distributions) topologized (as usual) by the seminorms {p, }nen, where

pnlg) = max (1 +[-D"Dll_ -

o]

Let M denote the set of all ¢ € C*°(R?) which satisfy

VYN eNdneN |1;r|12>]cv H(l + |.|)—nDagHLOo < o0.

For example, if u is a compactly supported distribution, then it follows from a theorem of
Paley-Wiener that © € M. If ¢ € M, then it is a consequence of Leibniz’ formula that
g € S V(¢ € S, and it is a consequence of the closed graph theorem that the mapping
¢ — ¢( is a continuous operator on §. Consequently, the mapping f — ¢ f is a continuous
operator on S’ (the space of tempered distributions) whenever g € M.

Definition. Let u and v be tempered distributions with ©w € M or v € M. The con-
volution u * v is defined as the inverse Fourier transform of the tempered distribution

uo:
Uk U= (ﬁﬁ)v

If w € M, then it follows that u# is a continuous operator on §’. We collect in the
following proposition several properties of the convolution operator n* which will be used
in the sequel.

Proposition 3.3. Let k,m,n be as in Lemma 3.1, and let ¢ € W be compactly supported.
Put ) :=n*¢. Then € W and suppi) C suppn +suppd. Let ¢ : Z¢ — C have at most
) lilEn o

polynomial growth and for n € N define ¢, € ly by c,(j) := { 0 l
else

(¢) o' cp > cinS and
(17) nx (o' c) =1« e
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Proof. To see that ¢» € W] note that by (3.2)
Iy = ||+ 17273 (1 )2

That suppt C suppn + supp ¢ is proved in [6, Th. 4.9 and p. 87]. Let r be the smallest

positive real number for which supp ¢ C rB. There exists a polynomial ¢, say of degree k,
such that [c(7)| < ¢(j) Vj € Z4 If g € S, then

(9,6 ¢) = (9,0 ca)l = Hg, ' (c —eal)| < Y [e(i)] g, &(- = 7))

[71>n

< const = const |||y < 00.
Lo 2

< Y NSl Mol (jrmy < const | D ali) L+ 1)) prrasa(g):

li]>n li[>n
Since E|]|>n q(7)(1+|7) %7471 = 0asn — oo, we obtain (i). Since 1) € W) has compact

support, we have by (i) that ¢ *'¢,, — ¢¥*'¢in S’. Since n* is a continuous operator on &',
it follows from (i) that n* (¢ *' ¢,) = n* (¢ +' ¢) in S’. Noting that n* (¢ +' ¢,) =+ ¢,
Vn € N, we obtain (ii). O

4. An Error Estimate

The following theorem contains our basic error estimate. In practice, the function ¢ will
be the error f — s. Of course, if s interpolates f at =, then f — s will vanish on =.

Theorem 4.1. Let k,m,n be as in Lemma 3.1. Let § be an open, bounded subset of R4
having the cone property and let = C Q). There exists o > 0 such that if § := 6(Z;Q) < do,
then for 2 < p < oo

lglly, gy < const(n,m, Q)" = ZF |5 (- /8) x glll g Vg € H™+H" satisfying g =
We mention that in the case k = m, the above conclusion reduces to
HgHLp(Q) < const(m,Q)5m_d/2+d/p|||g|||Hm Vg € H™ which vanish on =,

which is known [4]. Our proof of this theorem requires two supporting lemmas. The proof
of the first is essentially the same as the proof of [9, Prop. 3.1] if one replaces ||| f]||;m

with ([ fl[[ s [11Fllgz2m with [[1F ]l g, and A, with [[}n Flll o

Lemma 4.2. Let x,m,n be as in Lemma 3.1, and let r > 0. For each j € Z4, let Nj be
a finite subset of j +rB. If {bj¢}jera ccn; 18 such that

> bieq(§) =0 Vg€l 1,j €L and
EEN;
M= sup » |l < oo,

jEZL 56./\/}

then
2

DD bief(©)| < const(n,m,r)M*||ln* flllzm VFeH™+ H".
JETA |EEN;

The following lemma is taken from [9, Lemma 4.2].
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Lemma 4.3. Let n > 0. If @ C R? is bounded, open, and has the cone property, then
there exists dg, 19 € (0..00) (depending only on n and ) such that if = is a finite subset of
Q with § 1= §(Z;Q) < bo, then for all x € Q/§ there exists a finite N C (Z/8) N (z + roB)
and {bg¢ }eenr such that

q(z) + Z beq(§) =0 Vgell, and
EEN

Z |be| < const(n, Q).
EEN

Proof of Theorem 4.1. Let dg,r9 be as in Lemma 4.3 with n = m — 1. Put A := {j €
Z4: (54 C)N(2/5) # 0}. For each j € A, let z; € (j + C) N (Q/§) be such that
o5l (j+crniaysy < 2lg(dx;)|. By Lemma 4.3, for each j € A, there exists N; C
(E/0) N (x; +roB) and {bj¢}een; such that

gz;)+ Y bjeq(§) =0 Vg€, and
EEN;
Z bj.¢| < const(m, ).
EEN;
Put r := ro +/d/2 and note that {z;} UAN; C j + 7B for all j € A. Now,

HgHLp(Q) = 54/ HaégHLp(Q/a)
< §/p

J— ngHLoo(<j+C>ﬁ<9/5>>He (A)

< 2§/r g — 9(59‘;1)”413(,4) < 2§/r lj — g((s:z:j)Hb(A) , since 2 < p,

— 25 [ |g(5a;) .
jEA

Since ¢g(6¢) = 0 for all £ € =/§, we have

(4.4)

l9(62;)| = |g(62;) + D bjeg(€)|, Vi€ A
EEN;

We thus obtain from (4.4) and Lemma 4.2 that

91, 0y < consts?[lln (59|l m = consts™ = /2HUP||[5=4(-/8) * gl om-
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5. An analysis of ¢x’

As mentioned just prior to the statement of Theorem 4.1, our error estimates will employ
Theorem 4.1 with ¢ = f — s. Roughly speaking, the factor [||§7%n(-/8) * (f — s)||| ym will
be estimated by [||67%n(-/8) * flllgm + 67 %(-/5) * 8]|| ym» where the first term will be
shown to be bounded by a constant times ||| f]|| ;. The second term is our cost functional
(1.3) with § in place of h. Although this second term involves the parameter 4, its action
on any s € S%(¢,RY) exhibits a certain stationarity. Namely, if s = 01/5(¢ *' ¢), then

(5.1) "6 (/8 x sl gy = [l (& 5 €[l

Thus, the right side of (5.1) is an important quantity. Two estimates of this quantity are
given in the following proposition.

Proposition 5.2. Let k,m,n be as in Lemma 3.1, and let ¢ € W be compactly supported.
Then

(5.2) I+ (& +" )l g < const(n,m, &) Ifll,, Vf € Lo

If, wn addition, ¢ satisfies the Strang-Fixz conditions of order m, then

(5:3) 7 (& " F)lll gy < const(m,m, S)[|flll V€ H™.

Our proof of this proposition requires the following lemma which is a consequence of

[10, Théoreme 1.6] and the Sobolev embedding theorem [1, p. 97].

Lemma 5.4. Let y € RY r >0, and m € N with m > d/2. For all f € H™ there exists
q € I,u—1 such that

If = dlloysrmy < const(dym, r)[FII] gm iyt rm)-

Proof of Propositon 5.2. Put ¢ := n * ¢. By Proposition 3.3, v € WJ" is compactly
supported and

(5.5) n* (¢ * H=v ' f.

Put N :={j € Z? : suppy(- — j) N C # 0}, and note that #N < co. In consideration of
(5.2), assume f € {5. Then

M Flm = S A mieney = S0 MSC A+ )= DI

Lezd tezd  JEN Hm(C)

< const 3 [0l D 1A+ < const|If],

Lezs JEN

which, in view of (5.5), proves (5.2). In consideration of (5.3), assume ¢ satisfies the
Strang-Fix conditions of order m, and let f € H™. Since ¢y = ¢, it follows that
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also satisfies the Strang-Fix conditions of order m. Consequently, 1 *' ¢ € Il for all
q € I,,—1 (see [8]). Let r be the least positive real number such that /' C rB. By Lemma
5.4, for each ¢ € Z? there exists ¢ € II,,_1 such that

|f — QEHLOO(HTB) < C0n8t|||f|||Hm(£—|—rB)‘

This yields the estimate

19 iz ooy = M= (F = o)l gy = I D (FE+T) = aelC+ )¢ = DI

JeN Hm(640)
<H#N|f - QEHLOO(H-rB) ] < C0n8t|||f|||Hm(£—|—7’B)'

Therefore,

2 2 2 2
16" Flllzzm = D e Flllzgmiercy < const D N rm(errmy < constlllfll[zm

éEZd geZd

which, in view of (5.5), proves (5.3). O

Our proof of the following result uses the standard quasi-interpolation argument (see

[2, Ch. III]) which greatly simplifies when m > d/2.

Proposition 5.6. Let v € C.(RY) and m € N with m > d/2 be such that ¢ ¥ ¢ = ¢
Vq € p—1. If sep(A) > const, then

1f =&+ Flloyay < const(m, O)[ flll o Vf € H™.

Proof. Let N, r, and {q¢},cz¢ be as defined in the proof of Proposition 5.2. Then for
ez’

If = *! fHLoo(é—l—C) =||f—q - *! (f = CM)HLOO(HC)

< = el erey + || D (FE+5) = qel€ + 5)(- = 5)
IeN Lo (€)

< (L+#N "¢"Lm) If— (ZEHLOO(H(rH)B) < ConSt|||f|||Hm(£—|—(r—|—1)B)'

Since sep(A) > const, we have

2 2 2 2
If — o+ fH42(A) < const Z If — o+ fHLOO(Hc) < const Z |||f|||Hm(£—|—(r—|—1)B) < const||| f[[jym-
éEZd geZd

4
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6. An Interpolation Method for the Case k <m

In the following, the phrase nearly minimize means to bring to within a constant of its
minimal value.

Interpolation Method 6.1. Let x,m,n be as in Lemma 8.1. Let ¢ € W be compactly
supported and satisfy the Strang-Fixz conditions of order m, and let 4 be as in Lemma 2.1.
Let Q be an open, bounded subset of R? having the cone property, and let Qg be an open,
bounded set which contains Q. Let = be a finite subset of Q and let 0 < h < sep(Z)/ey.
Choose s € S"(,Q0) to nearly minimize |||h=(-/Rh) * s||| ;ym subject to the interpolation

conditions S| = f|: There exists 61 > 0 such that of § := §(=,Q) < 61, then for all
fewy

@) WR™ (/) * slll o < const(n,m, Q,9Q0,) | flly, — and

() F sl gy < constinm, Q. Do, )5 Il V2 < p< oo

Remark 6.2. The interpolant s can be found by nearly solving a quadratic programming
M

problem. To see this, let s be written as s = Zc]qb(/h — kj), where {ky, ko, ... k)=
=1

{k € Z¢ : suppd(-/h — k) N Qo # 0}, and put {&1,&,... v} := =. The interpolation

conditions become Ac = F where A is the N x M matrix having (¢, 7)-entry ¢(&;/h — k;)

and F' = [f(&)]i<i<ny. Put ¢ := n+* ¢ and let G be the M x M matrix having (¢, 7)-

entry (¢, ¥(- +k; —k;))um, where (, )gm denotes the semi-inner product associated with

I - [l - The cost functional can then be written as

1P/ R) * sl gy = B2V e Ge,

where ¢* denotes the complex conjugate of the transpose of ¢. Thus ¢ is any near solution
of the quadratic programming problem

minimize ¢*Ge
subject to Ac = F.

We mention that the matrices A and G are sparse in the sense that the number of nonzero
entries in each row or column is bounded independently of M and N.

Proof of 6.1. Let ¢ > 0 be the largest positive real number for which  + B C €, and
let ( € C*(Q2+ (¢/2)B) be such that ( =1 on Q. The assumptions on ¢ ensure (see [§])
that there exists a finitely supported sequence a : Z? — C such that ¢ := ¢ *' a satisfies
the Strang-Fix conditions of order m and the condition ¢ ¥ ¢ = ¢ for all ¢ € II,;,_1. Let
do be as in Theorem 4.1, and let d; € (0, §o] be sufficiently small to ensure that

3(Z,Q) <61, 0 < h <sep(E)/eg and suppg ChH(Q+ (¢/2)B) = ¥ +' g € (¢, h™ Q).
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Let f € WJ* and put f:: (f. Then HfHW < const HfHWQm Assume 6 := 6(Z,Q) < 4.

Put sy 1= oy /5(¢ *" onf) € Sh (¢, Q). Since 0 < h < sep(Z)/ey, it follows by Lemma 2.1
— 3

~ ‘f ! £2(E)

and s9(&) = f(£) — s1(€) for all £ € 2. Put 5 := 51 + 52 € S(¢,Q), and note that

(&) = s1(8) 4+ f(&) — s1(&) = f(§) for all £ € =. Consequently,

that there exists so € S*(¢,Z), say so = o1/n(¢*' c), such that ||c||, < const

(6.2) R (- /R) * sl g < constll|B™ (- /h) % 3\l g = consth ™™+ 2|l + 03,5]|
< consth ™" (||l onsi |l g + Nl onsall g )-

By Proposition 5.2, we have

7% onsilllgm =l * (& %" on )l < constlllonflllgm

and

7 % ansalllgm = [lln* (¢ +" )|l gm < const|le]l,,
‘f— S1 = const ‘Uhf—;/)*' O'hﬂ

< const O'hN .
e < constl|on |

£2(E/R)

< const

by Proposition 5.6. Therefore, by (6.2),
1=/ R) 5 sl g < consth™™ 42 llop F[[|jyon = const||| £l
7

which proves (i). Since h < constd, it follows that |[|[07n(-/3) * s||| g < const|||[h™(-/R) * s|| zm-
Hence, by Theorem 4.1,

< const < const HfHWQm

wr

1f = sllp,qy < consta™ =R |[|57 00 (- /8) 5 (f — )|l on
< constd™ =P8 (- /8) % Flll g + 187 0(-/8) [l ) < constd™ =PRI f 0,

which proves (ii). O

7. An Interpolation Method for the case when ¢ € W;»

The conclusion of the following result is an improvement over that of 6.1 as ||| f{|| ;rm(gq)
has taken the place of || f||;» in (i) and (ii). To obtain this improvement, we have assumed
2
further that ¢ € W and that 2 is connected and has a Lipschitz boundary.
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Interpolation Method 7.1. Let m € N with d/2 < m, and let ¢ € W3 be compactly
supported. Let Q be an open, bounded, connected subset of R? having the cone property and
a Lipschitz boundary (in the sense of [10]), and let 5o and ¢4 be as in Theorem 4.1 and
Lemma 2.1, respectively. Let = be a finite subset of Q and let 0 < h < sep(Z)/c4. Let Qp be
any measurable set which contains Q, and let s € S"(p, Q) be chosen to nearly minimize
Islll () subject to the interpolation conditions S| = f|E If § :=6(=,Q) < do, then
for all f € H™

() Msllgma,, < const(m. L& Fll ymy  and
(i) If = sllycq) < constlm, Q,@)5™ VTP Fl] gy Y2 p < 0.

Remark. The interpolant s can be found by nearly solving the same quadratic programming
problem described in Remark 6.2 excepting that {ki,kq,... ,ky} :={k € Z¢: suppp(-/h—
E)NQp # 0} and G(2,5) := (¢, 0(- + kj — ki) pm(n-10,)- If Q4 is a complicated set, then
the computation of G will likely be difficult. One way to ease this task is to choose ), as

Qp = UgEAhh(z + C),

where A, := {{ € Z?: QN h({ + C) # (}. Using the auxillary function v : Z¢ x Z? — C
given by u(k, () := (¢, (- — k)) gm(e+c) (which has a fixed number of nonzero entries), we
can compute G(1,j) as

GGi.j) = Y ulks —kj,0).

LEAp
Our proof of 7.1 requires the following result which comes out of [4, p. 331].

Theorem 7.2. Let m € N with m > d/2. If Q is an open, bounded, connected subset of
R? having the cone property and a Lipschitz boundary (in the sense of [10]), then for all
f € H™ there exists fo € H™ such that

(i) fa=Ff onQ and
(@) Mfellgm < const(m, QI fIll gmq)-

Proof of 7.1. Let a, ¢ be as in the proof of 6.1. Let f € H™ and let fg be as in Theorem
7.2. Put s := 01 ,4(¢ " o4 fa). By Proposition 5.2, s; € H™ and

(7.3) llonsilllgm < constlllon folll gm-

Since 0 < h < sep(Z)/ey, it follows by Lemma 2.1 that there exists sy € S*(4,Z), say
sz = o1/p(¢ *' ¢), such that [|c||,, < const|fo — 31]\42(5) and s2(&) = fa(&) — s1(€) for all
£ € Z. Put s3 := 51 + 53 € S"(¢p,RY). Then S3|g = fQ|: = f|:, and

salll g < Hslllze + Nl = 272 (llonsilll g + lllonszlll )

= h7" (g onfalll g + 116+ elllgn) < consth™ ™2 (|lonfolll g + llell,,)
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by Proposition 5.2. Since |[|c||,, < const ||fa — s1 HQ(E) = const ||opfa — ¢+ UthWQ(E/h),
we have by Proposition 5.6, that ||c[[, < const|[|onfall|ym. Therefore,

(7.4) lsslllpon < consth™ ™2 \[|on fallym = constlll falllym < constl|Lflllm

by Theorem 7.2. Let s4 € S"(#,9Q4) be such that s, = s3 on Q. Then Sa|g = S3| = f|

Hence,

[1]

Islllzrm @,y < constlllsalllgmq,) = constlllsslllgmq,) < constlllss]llgm < const[[[f]]lgmq)

which proves (i). By Theorem 7.2, there exists sq € H™ such that so = s on  and
lIselllzzm < const|[|s||[z7mq)- Hence, by Theorem 4.1,

1f— SHLP(Q) = [|fe — SQHLP(Q) < C0”3t5m_d/2+d/p|||fﬂ — slllgm

< constd™ U ([|| folll g + lsalll ) < consté™ = 2HP|| F][] g
which proves (ii). O
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