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ABsTRACT. For 1 < p < oo, sufficient conditions on the generators {¢j}n>o are given
which ensure that the h-dilates of the shift-invariant space generated by ¢, provide L,-
approximation of order k& > 0. Examples where ¢ is an exponential box spline or certain

dilates of the Gaussian e~!'I” are considered; it is shown that our sufficient condition then
provides an optimal lower bound on their approximation order.

1. INTRODUCTION

Let d € N:={1,2,...}, and let C' := (—1/2..1/2)? denote the open unit cube in R.
Following [19], define

Ly ={f € LR fllg, =1 D 1F(- = J)l <o}, 1<p<oo.

—
i€ Ly (C)

Note that [|f]|, = [[fll;, < Hfﬂﬁp < HfH£F whenever 1 < p < p < co. It was shown in

[19] that if ¢ € £, then the semi-discrete convolution operator ¢+’ is a bounded operator
from ¢, into L,, where ¢ *' ¢ 1= ¢ *| ¢ and

¢ ci= > c(hj)o(-/h—j),  h>0.
JEZA
We define S,(¢) to be the image of ¢+’ on (,:
Sp(¢) == 1{ Y cli)e(- = i) c € L}
JEZA

Sp(@) is said to be a shift-invariant space because f(- — j) € S,(¢) whenever f € S,(¢)
and j € Z% Since S,(¢) is ‘generated’ by the shifts (i.e. integer translates) of a single
function, we call it a principal shift-invariant space. There are, in the literature, a number
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of ways of ‘generating’ a shift-invariant space from a single function ¢ or a collection of

functions ®. When the details are unimportant we will simply write S(¢) or S(®) to

denote this space. Shift-invariant (SI) spaces and principal shift-invariant (PSI) spaces

are important in many areas of approximation theory including the study of multivariate

splines, radial basis function theory, sampling theory, wavelets, and subdivision schemes.
We can dilate any PSI space S(¢) by the parameter h > 0 to obtain

S"(¢) = {f(-/h): f € S(¢)}.

The directed family (S*(¢)); is called a ladder of PSI spaces. When one has in hand a
ladder of PSI spaces (S"(#))s, a standard problem, and one which has received considerable
attention in the literature, is the determination of its L,-approximation power; i.e. the
determination of the rate of decay of dist (f, Sh(o); Lp> (as h — 0) for sufficiently smooth
f €L, Here

Bist (£, A X) 1= inf 1 = el

In the literature, the statement, “(S"(¢)), provides L,-approximation of order ~” has
various definitions!; the essential ingredient is that

(1.1) dist (f, Sh(g); Lp> = O(h") for all sufficiently smooth f € L,.

Strang and Fix [34] have shown (see also [33],[12],[2]) that if ¢ is a compactly supported
L, function, then the ladder (SZ(¢)); provides “controlled” Ly-approximation of order

kE € N if and only if ¢(0) # 0 and one of the following two equivalent conditions holds:

(1.2) V fellx_y g € ) such that f = ¢+ g;
(1.3) DG(j)=0 VY |a| <k, je2xZN0.

The qualifier “controlled”, as used above, places a restriction on how the approximations
to a smooth function can be drawn from S(¢) as h — 0; hence, “controlled” approxi-
mation is stronger than unqualified approximation. Conditions (1.3) are now known as
the Strang-Fix conditions of order k. These conditions had previously been considered for
d = 1 by Schoenberg [33]. Clarifications and extensions of [34] can be found in Dahmen
and Micchelli [11] and Jia [17]. Finally, de Boor and Jia [7], using “local” rather than “con-
trolled” approximation, extended the L, result of [34] to L, for all 1 < p < co. Later,
interest in removing the compact support assumption on the generator ¢ developed and
was investigated by Jackson [16], Buhmann [10], Light and Cheney [25], Jia and Lei [18],
and Halton and Light [15]. The following was proved in [18].

Theorem 1.4. Let ¢ € Lo, satisfy for some § >0 and k € N

i) o) = Ol 7Y as | = oo;
(i)  px) = ;g%e—d/mcgb for all x € RY.

LOur definition will be stated in §2.
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Then, for 1 < p < oo, the ladder (S]’}(qb))h provides “controlled” Ly-approzimation of order
k iof and only of q/b\(O) # 0 and the Strang-Fiz conditions of order k are satisfied.

Here the “control” is a combination of that used in [34] and the “localness” used in
[7]. Note that the compact support assumption of [34], [11], and [7] has been replaced
by the decay assumption (i) which, incidentally, becomes stronger as the approximation
order k increases. All of the above mentioned papers employ a technique known as Quasi-
interpolation/Polynomial Reproduction for their error analysis. Note that Polynomial
Reproduction, as described in (1.2), requires that ¢ %’ g be well defined for g € IIj_q;
hence the need for something like condition (i). In 1991, de Boor and Ron [8] were able to
completely overcome condition (i) by performing their error analysis entirely in the Fourier
transformed domain. Moreover, their results applied to a more general situation which we
now describe.

The ladder (S"(¢)) is known as a stationary ladder of PSI spaces because it is
obtained by dilating the same PSI space S(¢). More generally we may use, as the h-entry
of our ladder, the h-dilate of an h-dependent PSI space S(¢p) to obtain a non-stationary
ladder (S”(45)),. While in the stationary case properties of the ladder are hoped to be
analyzed in terms of corresponding properties of the single generator ¢, we need, in the
non-stationary case, to inspect the entire family of generators (¢p ).

We can now state a sample from [8].

Theorem 1.5. Let (én)ne(o.. ho) be @ family of functions in Loo which satisfy q/b\h # 0 on
all of 6C for some § > 0. If

Q/b\h(‘ —|—27TJA')
(% + |-*)on

sup
he(0.. ho)

JEZINO Lo (6C)

then (S (én))n provides Loo-approzimation of order k.
Proof. [8; §2.5].

Note that the only decay assumption imposed on ¢p is the mild assumption ¢, € L.
Following this result, de Boor, DeVore, and Ron [4] considered the case p = 2 where
they were able to give a complete characterization of closed SI subspaces of L, which
provide Lo-approximation of order & > 0. Their results apply to non-stationary ladders
of SI spaces and they make no decay assumptions on the generators. Kyriazis [21], in
turn, considered stationary PSI spaces for the case 1 < p < co. Sufficient conditions on
the generator ¢ € L, are given which, when satisfied, ensure that the stationary ladder
(S"(¢))n provides L,-approximation of order k > 0. Again, no explicit decay assumptions
are made on the generator ¢.

In the present paper, we are concerned with providing lower bounds on the L,-approximation
order (1 < p < o0) of non-stationary ladders of PSI spaces under the mild decay assump-
tion that the generators belong to £,. An outline is as follows:

In §2, we define our notion of L,-approximation order, and we state our main results. The
proofs of these results comprise §5 and §6. These results are applied to non-stationary
ladders of PSI spaces generated by exponential box splines and dilates of the Gaussian in
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63 and §4, respectively. The particularly long proof of a proposition in §3 is postponed
until §8. In §7, side conditions are given under which the Strang-Fix conditions of order k
are sufficient to ensure that the stationary ladder (S]’}(qb))h provides L,-approximation of

order k.

Throughout this paper, |z| := |z|, denotes the Euclidean norm of z € R? while for
multi-indices a € {0,1,2,...}%, |a| := |a], := Ele lo;]. For open @ C R% 1 < p < oo
and m € Z4 :={0,1,2,...} the Sobolev spaces W;"({) are defined by

1/p
Wy (Q) = A{f: HfHWgz(Q) = Z HDafH]zp(Q) < oo},

jal<m

with the usual modification when p = oo. Corresponding to each o € Zi is the power

function () : RY — C defined by

O% ta—a® = H:L'(i)a(i).

1=1

The space of polynomials of total degree at most k is denoted II;. The open unit ball in
R? is denoted by B := {x € R?: |z| < 1}. For f € Ly := L{(R%), we denote its Fourier
transform by

floyi= [ ettrfioyan
Rd

where e, denotes the complex exponential given by

ex(t) = et

The Fourier transform extends by duality to the space of tempered distributions. The
inverse Fourier transform of a tempered distribution f is denoted f¥. The collection of
compactly supported C>°(R?) functions is denoted by C'>° and their Fourier transforms by
600\0. All derivatives of functions are to be understood as distributional. We use the symbol
const to denote generic constants. It always denotes a real value in the interval (0..oc0)
and depends only on its arguments. Its value may change with each occurence. When
using the scaling parameter h as in (S*(ép))s, it is asssumed without further mention that

h € (0..hg] and ho € (0..1].

2. THE MAIN RESULTS

In order to make precise the notion, “L,-approximation of order v”, we need to specify
which functions f € L, are sufficiently smooth. This will be the Besov space B;’l which

we now define. Let n € 6?0 satisfy 7 = 1 on a neighborhood of the origin, and for tempered
distributions f, define

(2)7) . if k=0,

(2.1) fr = v
(G—m) =q@E)f) k>0,
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For 1 <p <oo,v2>0,1<¢q< oo, the Besov space B (see [26]) can be defined as the
collection of all tempered distributions f for which

oo 1/q
HfHB;’q(n) = (Z 27k kaHqu> < o0,
k=0

with the usual modification when ¢ = oo. It is known that B}'? is a Banach space, and as
such, is independent of the choice of n (i.e. different choices of 1 yield equivalent norms).
We mention the following continuous imbeddings (cf. [26]; p. 62):

B;7q¢_>B;17q17 fy <~vyorv ==, q1>q;
k1 k d ko0 : .

Byt = W)(RY) — By>®,  ifkeZy;

Bl HI o BI™, i 1<p< oo,

where H is the potential space normed by

1l = H<<1 ) f)V

Definition 2.2. Let 1 < p < oo and let (¢1)re(o.. hy) be a family in £,. We say that the

ladder (S)(¢n))n provides L,-approximation of order v > 0 if there exists ¢ < co such
that

, v>0,1<p<oo.

Ly

dist (f,.52(6n): L) < ch™ [|fll gy (. Y hE (0. hol, f € By

We mention that it is a straightforward matter to show that if (S]’j(th))h provides
L ,-approximation of order v, then

dist (f, Sy (¢n);Ly) = O(h ) ash -0 Vfe By>®,0<\ <~y
dist (f, Sy (¢n); Ly) = O(h7|logh|) as h =0 Vf € B™.

Throughout the remainder of this section, the exponent p will lie in the range 1 < p < oo,
the family of functions (¢n)re(o.. o] Will belong to Lz, ¢ will lie in (0..27), and n will be

a function in C'2° which satisfies

suppn C 6C  and 7 =1on 550,

where C = (—l .. l)d.

22
The result which forms the foundation of the present paper is the following:
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Theorem 2.3. If

(2.4) sup dist (77, S{’(qbr);,/:];) =O(h") as h — 0,
0<r<h

then (S!(¢n))n provides Ly-approzimation of order  for all 1 < p <p.
Proof. cf. §6.

Note that in the stationary case, a necessary condition for (S]’}(qb))h to provide L,-
approximation of order ~ is that

(2.5) dist (1, SP(¢); Lp) = O(h") as h — 0.

Theorem 2.3 says that a condition slightly stronger than (2.5) (in fact, identical when
p = 1) is actually sufficient:

(2.6) dist (1, St (¢); £p) = O(RY) as h — 0.

In the non-stationary case, condition (2.6) suffices provided it is equipped with a certain
downward uniformity as described in (2.4). Once (2.4) has been established, the fact that
we then obtain L,-approximation orders for all 1 < p < p is a simple consequence of the
fact that |||, < [, -

With Theorem 2.3 in hand the job of establishing lower bounds on the L,-approximation
order of (S]’}(th))h, 1 < p < P, can be performed by estimating the ability of S%(¢,) to

approximate 7 in L. One means for this is to choose s € SP(¢,) so that 3 =7 on 27C//h,
and then conclude that

(2.7) dist (7, 51 (60 ); £5) < = sl .-

This approach yields the following estimates:

Proposition 2.8. Assume that qgh(ho-) # 0 on all of 6C, ¥V 0 < h < hg. Then for
0<r S;hjg ho,

v
(1) dist (5, 50(60); L) < ||| Sh) Y ” 2
]eZd\o r(h-+277) )
() dist (1, SH6)i L) € Y ( 10l +2n) +27”>) ;
JEZANO qb Ly
7 1/q
(3) dist (n,Sf(qb ); Ly ) < const(d,n,D) ( h +27T]) ,
FEZAN\O r(h) W (6C)
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where (8) holds if 2 < p < oo in which case G is the exponent conjugate to p (i.e. satisfying
1/p+1/G=1) and m is the least integer satisfying m > d/q.

Proof. cf. §6.

The proposition is intended to be used in conjunction with Theorem 2.3. The estimate
(1) is actually a rewording of (2.7). The estimate (2) derives from (1) simply by pulling
the summation outside of the norm. (3) derives from (1) using the crude estimate

9z, < const(d, 1, B) |Gz e -

In §4 we will use Theorem 2.3 in conjunction with Proposition 2.8 (2) to investigate
the approximation order of non-stationary ladders generated by dilates of the Gaussian
e~ I'7. In §7, we apply Theorem 2.3 in conjunction with Proposition 2.8 (1) to show that
in the stationary case, under certain side conditions, the Strang-Fix conditions of order k
are sufficient to obtain approximation of order k. Here is a sample.

Theorem 2.9. Let ¢ € Lo satisfy ¢ € C(SC) and 6 € WIHF(SC + 272\0). If
#(0) # 0 and ¢ satisfies the Strang-Fiz conditions of order k (1.3), then the stationary
ladder (S]’}(qb))h provides Ly-approzimation of order k for all 1 < p < co.

Proof. cf. §7.

An alternative means for estimating the L distance between 1 and Sf(¢,) is to take
existing results for convergence in Ly and then show that when the approximand is 7, the

convergence is actually in L. Since n € 600\0 decays rapidly it is not surprising that the Ly
convergence can be lifted to L5 if the approximation scheme is sufficiently local (condition

(1) below).

Theorem 2.10. Assume that there exists ¢, € S1(¢n), h € (0..ho], such that for some
N € N and ¢y, ¢y < o0,

() eal@) <e (L4 ]2))7 ", Ve eRY he(0.. hol

(@) N = e fllo, < ellfllyh?, VO <r<h<ho, feCF,
h = 1 )N (D .
where |||l = max max(l + [o")™ [(D* f)(@)]

Then
sup dist (77, St(p,); ,/317) =O0(h") as h —0.
0<r<h
Hence, by Theorem 2.3, (S]’j(th))h provides L,-approzimation of order v for all1 < p < p.
Proof. cf. §6.

By employing an error analysis like that of [8] in order to verify condition (ii) of Theorem
2.10, we obtain the following result (compare with Theorem 1.4).
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Theorem 2.11. Let 2 < p < oo and let G be the exponent conjugate to p (i.e. satisfying
1/p+1/g=1). If there exists c,e € (0..00) such that

(1) én(z)] < el + Je))TUFENTI v e e RY B € (0. hol;

i inf | 0‘ 0;
(i1) he(0.. hol #0(0)] > 0;
N 7 1/q
_ On( -+ 275
(¢4i)  A(d,7,g):= sup > h(yf”y) < 00,
he0- hol \ j&za\o Lo (6C)

then (S]’j(th))h provides Ly-approzimation of order v for all 1 < p <p.

Here, [~] denotes the least integer greater or equal to +. In §3, using Theorem 2.10
and Theorem 2.11 as well as results from [28], [31], and [20], we will determine exactly the
L ,-approximation order of exponential box splines for 1 < p < oo.

3. EXPONENTIAL BOX SPLINES

Example 3.1. Let = be a multiset of directions in R?\0 whose span covers all of R?, and
let A € CZ. The family of exponential box splines ¢y, h > 0, is then defined by

1
(3.2) b = H wg, where wg(:z;) = / ePAe—i&a)t gy
€= 0

We will show that for all 1 < p < oo, the L,-approximation order of (S]’j(th))h is exactly
k' defined by
Kj={¢€Z:(-j€Z\0},  jeZ\0;

k= min{#K; : j € Z)\0}.

For a general reference on box splines, the reader is referred to [6]. Actually, most of
the claim in 3.1 is already known in its essence (i.e. in the sense of 1.1). The case when =
is confined to integral directions and A = 0 has been settled in the work of [5]. The works
of [27], [13], and [24] treat the case of integral = and general A\. For p = oo, [31] and [2§]
have settled the case of general = and A = 0. [§8], also working with p = oo, established
the upper bound on the approximation order for general = and general A. They provided
the lower bound in case ¢g was sufficiently smooth and the directions in = were rational
(while A is still general). [30] considers rational = and general A. For p = 2, both the lower
bound and the upper bound is established. The lower bound on the approximation order
is established for 2 < p < oo excepting that in case p = oo it is required that q/b\o € L.
[20] established the upper bound on the approximation order for general = and general A
for 1 < p < oo. After completing the work on this example, I learned that Kyriazis [22]
has extended the techniques of [21] to include some non-stationary ladders of PSI spaces.
For 1 < p < oo, he establishes the lower bound for rational = and general A under the
assumption that q/b\o € L.
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The remainder of this section is devoted to proving the claim in 3.1. Since we are assum-
ing that the directions in = span R? it follows that ¢, is a piecewise-exponential polynomial
function supported in Z[0..1]™, where m := #Z= (cf. [27]). Also, as a distribution, ¢, has
the following representation:

onf dm = / "N (Z4) dt, fece.
R4 [0..1]™

It was shown in [20] that for all f € 600\0\0,
dist (f,8"(én); L,) # o(h¥')  as h =0,

where S,(¢p) is defined in [20]. For 1 < p < oo, S,(¢s) is defined to be the closure in
L, of the finite linear span of the integer shifts of ¢,. Consequently, S,(¢s) is contained
in Sp(¢p) for 1 < p < co. For p = oo it was shown [20; prop.2.2] that Seo(¢) C Sec(@)
whenever ¢ satisfies

(3.3) > 1lle. ey < oo

jez

Since ¢y, is bounded and compactly supported, (3.3) holds and we conclude that for all
felcx\0and 1 <p<oo,

dist (f,S"(én); Ly) # o(h*¥)  ash — 0.

Thus we need only concern ourselves with the task of showing that (S]’j(th))h provides
L,-approximation of order k' for all 1 < p < oo. Since this task is vacuous when k' = 0,
we may assume that &' > 0.

Lemma 3.4.

lon — qboﬂﬁoo < const(d,\,Z)h, VYV he€][0..hg].
Proof. Since supp ¢y C Z[0..1]™ for all A > 0, it suffices to show that
\|on — quHLOO < const(d, \,Z)h, VY h€][0..hg].

Recall that for any piecewise continuous function g,

91z, = sup{

/Rdgfdm‘:fecf", f>0and ||fl[;, =1}

So let f € C° be such that f > 0 and ||f]|;, = 1. Then

[ —%)fdm‘ .

/ ("M — 1) f(=t) dt
[0..1]™

< const(d, /\)h/ f(Zt)dt < const(d, \)h||¢o||, = const(d, \,=)h.

[0..1]m
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Note that as a consequence of the above lemma, we have that ||¢s|[, is bounded
independently of h € [0.. hg].

In order to consider first an easier case, assume (for the time being) that &' = 1. We
will be applying Theorem 2.10 so let p := oo and ~ := 1. It is known (cf. [31] and [28;
th.2.8]) that

(3.5) 1f = o #h fll,_ < const(d, D)h|flys » ¥ f € WL,

Let ¢y, := ¢n, h € [0..hg]. That ¢, € S1(¢p) is of course trivial, and since the functions
o as well as their supports are bounded independently of h € [0..hg], it follows that
condition (i) of Theorem 2.10 is satisfied. In order to verify condition (ii), let f € Cg°.
Then, for 0 <r < h < ho,

|f = #}, fHLoo < ||f = o *}, fHLoo + [[(¢o — &r) *), JCHLOo

< const(d,=)h Hwago +[l¢o = drll o FllL by (3.5) and Lemma 5.1,

< const(d, \,Z)h || f|l; by Lemma 3.4 as r < h.
Thus condition (ii) of Theorem 2.10 is satisfied with N := 1 and we conclude therefore
that (S]’j(th))h provides L,-approximation of order k' =1 for all 1 <p < oc.

We turn now to the more difficult case k' > 1 where we will apply Theorem 2.11 with
~:= k" and p := oo. It follows from (3.2) that there exists § € (0..7) and ho € (0..1],
depending only on (d, A\, =), such that
q/b\h(:zj) >4, VaedC, hell..hy, and
|hAg =1 - x| <1 Yo edC, hel0.. hol, €.

(3.6)

In particular, condition (ii) of Theorem 2.11 is satisfied. Since the functions ¢; as well as
their supports are bounded independently of i € [0.. hg], condition (i) of Theorem 2.11 is
satisfied.

In showing that condition (iii) of Theorem 2.11 is satisfied, we will be following the
approach taken in the Box Spline section of [8]. There, A(d, k', 1) < oo was established
only when ¢¢ was sufficiently smooth and = was rational. Later, the sufficiently smooth
aspect was identified [30] as being when q/b\o € Ly. The following proposition can be used

to show that q/b\o € L, whenever k' > 1.
Proposition 3.7. If k' > 1, then
Y ey <~
JEZA\O E€E
Proof. cf. §8.

The following lemma and its proof are taken almost directly from [8]. By placing
1+ |€ - j| in the denominator of our estimate (instead of |£ - j| as in [8] and [30]) we get by
without assuming = to be rational.
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Lemma 3.8. For all j € ZN\0, h € [0..ho], and = € 6C,

const(d, /\,E){ 1, { € E\LK;

h .
wele + 27 < :
e Il = L€l L h+z|, €€k,

Proof. Fix j € ZN\0, £ €2, h €]0..ho] and # € §C. Note that
1, if hAe —i§- o =2mi€-)
wg(x + 277]) = eh)‘ﬁ_ig'(l’+2ﬂ'j) -1

hde —i&-x —2mi& -5’

otherwise.

Also, by (3.2) and (3.6), wg(:zj +27j)| <e.

Case 1. € € Z\K;.
If |€-7j] <1, then the Lemma holds with const(d, \,=Z) > 2e. If on the other hand,
|€ - 7] > 1, then hAg — i€ - & # 2mi€ - j and hence

[hXe |

A ) e +1 e+ 1

we(z 4+ 2m7)| < , < . .

g ) 278l =1 7 2 —=2)[&-j|+2[6- 4] -1

- e+1 const(d, \, =)
T @r=2)|C-gl+1 T 14 [E ]
Case 2. £ € K.
By (3.6), hAg — i€ - & # 2mi€ - j; hence,

‘eh)\,f—iéx o 1‘

‘wg(x + 271']')‘ <

e -1
const(d, \,Z)(h + |z|) < const(d, \,=)(h + |z|)
(2r=2)[¢-jl+1 ~ L+ 1€ '

Thus proving the lemma. O
Therefore, by (3.2) and Lemma 3.8,

1

Snla +2m)| < const(d L E)h + o)# [T 1y

e

! Vo edC,jezNo.

< const(d, \,= R 4 2 K _
< cons(d A 20 4 1ol T e

==
Hence, with Proposition 3.7 in view,
1
A(6, k', 1) < const(d, \,Z) Z H —— < 0.
JEZANO EEE 1+ |€ .]|

Thus establishing condition (iii) of Theorem 2.11. Therefore, by Theorem 2.11, (S]’j(th))h
provides L,-approximation of order k' for all 1 < p < co.
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4. THE GAUSS KERNEL

Example 4.1. For h € (0..1], define ¢, by
q/b\h(:zj) = e_“(h)|x|2/4”2, where p(h) := ~vlog(e/h)

for some v > 0. We will show that the L,-approximation order of (S]’j(th))h is exactly ~
for all 1 < p < oo.

That (S]’j(th))h provides L,-approximation of order v (in, say, the sense of (1.1)) is
known for p = co and p = 2. For the precise details see [3], [8; th.3.8](p = oo) and [29;
cor.2.35]|(p = 2). As for the upper bound on the approximation order, it was shown in [20]

that there exists f € C'2°\0 such that

dist (f, Sy (¢n); Ly) # o(h?)  ash—0,

where S,(¢p) is defined in [20]. As mentioned in the discussion prior to (3.3), Sp(én) C
Sp(dn) for all 1 < p < oo (as (3.3) holds in case p = oo). Hence the L,-approximation
order of (S]’j(th))h cannot exceed ~.

The task of showing that (S]’j(th))h provides Ly-approximation of order ~ is simplified
by making use of the tensor product nature of ¢, and by employing the following:
Lemma 4.2. Let f; € L(R), ¢« = 1,2,...,d, be continuous and define
f(z) == fi(x1) fo(x2) - fa(wq), * € RE. Then

d
Hf”ﬁoo(Rd) < H HfiHﬁoo(R) :
i=1

Proof. The lemma is clear when d = 1. Proceeding by induction, assume the lemma to be
true for d’ = d — 1 and consider d. Let z € R% Then

STl +il= Y 1A k) fales + k) famr(wamt +kao1)] S | falza + 1))

JEZA kezd-1 =Y/
< (H 1fill 2. (]1@) Z |fa(zq +n) by induction hypothesis
n€Z

< (HHfiHﬁoo(R)>
i=1

which proves the lemma. 0O

Let 7 € C*°(R) be supported in (—1..1) and be such that 7 = 1 on [—1/2..1/2]. Define
n(x) = 7(x1)7(2g) -+ 7(2q), x € R4 Note that n € >
Now for j € Z¢,

supph C 2C, and 7 =1 on C.

c

N d
(4.3) ( )qb:(hx + 277] H . —u(r)(hxm/ﬂ—l—J )
qb ( =1
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Define
) v
a(k) := ‘ <Te—“<’”><’“ +hk'/”>> , ke
Loo(B)
Then
/\A . \/
(rnh) =Y (n r(h- +27TJ)>
jEZd \0 qbf’(h ) ﬁoo
d
(4.4) < Z Ha(jl) by Lemma 4.2 and (4.3)
jEZAN0 i=1
d—1 d—1
<d Y ak)y > ] at) :d(Za(k)) > alk).
kEZ\O jezd—1 i=1 = kEZ\O

By Lemma 5.2,

H(Tg)ngoo(R) < const HTQHWf(R) < const(7) HQHWf([—l..1]) , VgeWi([-1..1])
In particular, for k& € Z\0,

a(k)

const(7)

< (24 1+ p(r)h k] Jm)emOE MR,

< || o= nr k)

wW2([—-1..1])

(1 + p(r)h k] /7 + (u(r bk [7)? e #O 1k /m)

Li([-1..1))

Hence,

Z a(k) < const(7)(1 4 p(r)h) Z Lt (K*—hk/m)
KEZ\O =

= const(7)(1 + /,L(r)h)e_ﬂ(”)(l—h/ﬂ) Z Lo RN (k2 —1—h(k—1)/7)
k=1

< const(7T)(1 + /,L(r)h)e_“(”)(l_h/”)(l + Z ke—“(f’)k)
k=2
< const(r)(L + pu(r)h)e”"UTMT 0 sinee p(r) > 1.

Combining this with (4.4) yields

d—1
, (ryh) <d <HTVH£OO + const(7)(1 + M(r)h)e—ﬂ(r)(l—h/ﬂ)> Const(T)(1+M(T)h)€—u(r)(l—h/ﬂ-)‘
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Noting that /,L(r)e_“(r)(l_l/”) is bounded independently of r, we conclude that
(4.5) , (r,h) < const(d, 7)(1 + p(r)h)e”#IU=R/m)
Applying elementary differential calculus to (4.5), it can be shown that

sup , (r,h) <const(d,7,vy)hY, YO0<h<I.
0<r<h

Therefore, by Theorem 2.3 in conjunction with Proposition 2.8 (2), (S]’j(th))h provides
L ,-approximation of order ~ for all 1 < p < oo.

5. SOME USEFUL LEMMATA

In this section we march out a few results which will be useful in proving our main
results. At the outset of the introduction, we mentioned a result of [19]. It can be stated
in slightly more generality as follows:

Lemma 5.1. Let 1 <p < oo and let p € L,. Then

o3 fllz, < Nelle, P 1l uzey» ¥ F € Lp(RZY).

Proof. See [19; th.2.1] for the case h = 1. The general case h > 0 can now be derived from
the fact that lg(-/h)l,, = h [lgl,,. O

The following lemma gives an estimate of the £, norm of a function ¢ in terms of g for
2<p< oo

Lemma 5.2. Let 2 < p < oo and let g be the exponent conjugate to p (i.e. satisfying
]lj + % = 1). Let m be the least integer satisfying m > d/q. Then

lgllz, < const(d. p) Gl ey, VG €W (RY).

Proof. Let g € W:”‘(Rd). Then
(5.3)
lalle, < > Nalle, ey = X D™+ 1D Nlglz, ve
JEeZ jEZA
1/q

< Z (1+[y])—™ H <(1 + 7)™ HgHLp(j-|—C)> H , by Hoélder’s inequality,
jer Hep(z24)

<eomst(dop) | (10 + F07 sl ) | = consldp) 11+ Dl
Lp(Z2)

By the Hausdorff-Young theorem (cf. [23; p.142]),

(5.4) 171l < const(d) Hf‘ v felL,

Y
Lq
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NV
Since (—ix)* f(x) = <Daf> (x) it is easy to extend (5.4) to obtain

(5.5) I(L+ )™ Il < const(d, p) Hﬂ‘www , ¥V FewWr(rY.

The lemma now follows by (5.3) and (5.5). O

The following lemma shows that the £, norm of band-limited functions is dominated by
their L, norm. Actually, they are equivalent, but we need only this direction here.

Lemma 5.6. For allh >0 and 1 < p < oo,
hé/e Hf”ep(hzd) < const(d) HfHLp(Rd) )

whenever f € L, and suppr h=12rC.

Here, we employ the slightly abusive notation

1ALty chzey 2= || iy

0, (hZA)
Proof. 1t suffices to prove the lemma for the special case h = 1 since the general case h > 0

can then be obtained by scaling. For a proof when h = 1, see [14; lemma 1]. O

The following lemmata show how the semi-discrete convolution acts in the Fourier trans-
formed domain.

Lemma 5.7. Let ¢ € >
pact. Then for all h > 0,

and let f be a tempered distribution such that suppf 18 com-

c /

(64 £) = (h:) > F(- —2mj/h).

JEZA

Proof. 1t suffices to prove the lemma for the case h = 1 since the general case h > 0 can
then be obtained by scaling. We prove the lemma first for the special case f € C°. So

assume temporarily that f € 600\0 We then have by Poisson’s summation formula (cf. [35;

ch.7])
(5.8)
Zf (¢ —2mj) = Z (e—of)(2m5) = Ze—x(j)f(j) = Zf(j)e—j(w)a VaeR”

Since ¢ € Coo C Ly and E]ezd | £(7)] < o0,
(64 f)a) = Zf(j) (¢(-— ) Ta) = Zf(j)$(x)e—j(x)

=o(x) Y flz —2rj), by (5.8),

jez?
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and thus proving the Lemma for the special case f € 600\0 For the general case, let oy,
be a delta-sequence in C>° (e.g. 0, := nlc(n-) with 0 € C*, ¢ > 0 and [0 = 1). Put
fni=0nf, n € N. Then since f,, € C°, we have that

(0# fu) =&Y fu(-—27j), neN.
JEZA

Since suppfis compact, it follows (cf. [32; th.6.32]) that ﬁ, — ]/C\in the space of tempered
distributions. Therefore,

6 Fal-—2mj) = 0> (- —2m))
JEeZ JEZA

in the space of tempered distributions (as qg € C° implies that sums can be taken over
some finite subset of Z¢). Thus, the lemma will be proved as soon as we show that

(5.9) (¢#' fu) "=+ (6% )7

in the space of tempered distributions. For that, note that since suppfis compact, there

exists N € Z4 such that |f(x)| = O(|:1;|N) as |x| = oo (cf. [32; th.6.8, th.7.23]). Hence,

sup [£(7) = fa(DI (L4 D =0 asn = oo
JEZL

It now follows from the rapid decay of ¢ € 6?’ that ¢ *' f,, — & *' f in the space of
tempered distributions. Therefore, (5.9) holds (cf. [32; th.7.15]). O

The assumption that ¢ € 600\0 above is too strong for most purposes. It can be relaxed
provided we further restrict f.

Lemma 5.10. Let o€ Ly. If f € Ly and suppf 18 compact, then for all h > 0,

£y (nzty < 00

(x4 )= (h) Y F(-—2mj/h).

jezd

Proof. 1t suffices to prove the lemma for the case h = 1 since the general case h > 0 can
then be obtained by scaling. Let f € L; be such that f is of compact support. There
exists a sufficiently large n € N such that supp f C n#2C'. Hence, by Lemma 5.6,

n~* HfHel(n—lzd) < Mo HfHLl(Rd) :
Since Z¢ C n™1Z, it follows that HfHél(ch) < co. Hence ¢+’ f € Ly and
(6+' ))7= 0D f(e—j = 0D f(=i)e;.
JEZA jEZA

It is now a straight forward matter to complete the proof by verifying that f(—7) is in fact
the jth Fourier coefficient of the 27Z % periodic function E]‘eZd f(-=2my). O



AFFROAIMATION ORDER OF o0l 1-IINVARIANL SEFACED i

Lemma 5.11 (Wiener’s Lemma). Let f,g € Ly be such that supp f is compact and
g(x) #£0 for all x € supp f. Then

Proof. cf. [32; th.11.6].

In the following lemma, a description is given for a multi-level approximation scheme
employing the dilated shifts of a function 7. In subsequent theorems, this approximation
scheme will be used except that n will be replaced by a suitable approximation of 1 drawn

from dilates of S1(¢n).

Lemma 5.12. Let 1 <p < oo, and letn € 6;?\0 and 6 € (0..27) be such that supph C 6C
and 7 =1 on £6C. For h € (0..1], let n :=n(h) be the largest integer for which 2™h < 1.
Let v > 0. For f € Bg’l, let {fr}rez, be asin (2.1). Then for all h € (0..1]

(1) fk:n*;lzn—k fk7 \V/kEZ_H
(2) (h2n—k)d/19 ka”gp(hzn—kzd) < Const(d) kaHLp , Vke Ziy;

(3) Hf—ka

<Pl gy -
LP

Proof. Note that Suppﬁ is compact. Hence, by Lemma 5.7,

(7 ¥hgnmn f) "= (02778 S Fi(- =2/ (277))

jez

By (2.1), suppﬁ C suppﬁ(?l_k-> C 2¥1eC, V k € Z,. It is now a straightforward
matter to verify that ﬁ(hQ"_k-> and ﬁ ( — 27Tj/(h2"_k)> have disjoint supports whenever
j € ZN0 and that ﬁ(hQ"_k-> = 1 on the support of ﬁ Therefore, (77 K on— fk>/\: ﬁ

which proves (1). Now,
supp (fx (h2"7F)) ~C ha"*2k 10 C 2 C.

Hence, by Lemma 5.6,

kaHep(hzn—kZd)

= [[£e(h2" 7)) < comstld) || £ (h2"5) |, = const(d) (h2"~) P full,
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Hence (2). In order to verify (3), note that

k=0
- (71 3 (1=t - a2t ) 7= 3+ 3 2t -9 )
k=1 k=1
=F > @E) —a k)
k=n+1
Therefore,
Hf—ka < 3 WAl <270 Y 2 AL <Pl -
k=0 g,  k=n+l k=n+1

6. THE PROOFS OF THE MAIN RESULTS

In this section, we prove Theorem 2.3, Proposition 2.8, Theorem 2.10, and Theoerm
2.11. The technique used in proving Theorem 2.3 might well be called approzimation
by replacement. In order to approximate f € L, from S]’;(th), we start with a very good
approximation to f written using various dilates of the shifts of a certain function n (i.e. the
scheme described in Lemma 5.12). By replacing each instance of n with an approximation
to n from an appropriate dilate of Si(¢p), we then obtain an approximation to f from
S]’}(th) whose closeness to f can be estimated in terms of how well each replacement
actually approximates n. It turns out that these replacements need to approximate n not
in L,, but rather in £,. This is because n appears in expressions like n *" a, a € (,,
where the smallness of ||y — 77HLP does not ensure the smallness (relative to HaHép) of
I|(¢p —n) *' aHLp. Whereas the smallness of ||ty — 77H£p does. Ultimately, the £,-distance

between n and various dilates of Si(¢p) becomes the issue as reflected in the hypothesis
of the theorem.

Proof of Theorem 2.3. By (2.4) there exists A € (0..00) such that

(6.1) sup dist (1, S7(¢,); L5) < ALY VY h € (0. . h).
0<r<h
Let 1 < p < p. Since Hﬂﬁp < ||/l .—, we may assume WLOG that p = p. Also, there is

no loss of generality in assuming that hg = 1. Let h € (0..1] and let n := n(h) be the
largest integer for which h2" < 1. Let v > 0 and let f € B)''. Let {fz}rez, be as in
(2.1). We proceed now to define our approximation to f from S]’}(th). By (6.1), there
exist g € S1(¢n) such that

(6.2) [ —gr (2" )|, < A270 o<k <.
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(Note: 27("=k) is playing the role of h in (6.1), while h is playing the role of r in (6.1).
(6.2) is a valid application of (6.1) because 0 < h < 27("=%) < 1) Since g € Si(¢n), it
follows from the fact that £, is a Banach space that gr € £,. Note that, by Lemma 5.12,
ka”g L(h2n—kZd) < oo and hence

(an)hznkfk—ka (h2" %) gk( /R — Q"k)ESh(gk) 0<k<n.
JEZA

Since gi € S1(¢n), it follows that S,(gx) C Sp(¢n). Hence,

shi= Y ge(2" ) whpne fr € Sh(dn).

k=0
Now,
> fe—sn
k=0 Ly
= Z (n - gk(Qn_k')> Kpon—n Tr|| by Lemma 5.12 (1),
k=0 Lp
n— n—k\4/
(6.3) < Z Hn gr(2"7F) H£ h2 k P | fell, S (h2n—k7d) > by Lemma 5.1,

< Z AZ_V("_k)const(d) kaHLp , by (6.2) and Lemma 5.12 (2),
k=0

< const(d)A277" Z 2k kaHLp < const(d,y) AR || f|| g2

P (7)) '
k=0

Therefore, by (6.3) and Lemma 5.12 (3), we conclude that

F=> fr
k=0

dist (£, Sy (én); Lp) <|If = sully, <

k— Sh

Ly Ly

< const(d, A, y)R" HfHB;’l(n) :

4

Proof of Proposition 2.8. Let 0 < r < h < hg. Put ]/C\:: g/b\ ?h )
(Lemma 5.11), f € L;. Since ]/C\is compactly supported, we have by Lemma 5.10 that
HfHél(th) < oo. Hence &, #), f € St(¢,) and

n(-—2mj/h)

jezd Sr(h-—2mj)
' (- —2mj/h)
JEZA\O ng’(h ' _27Tj)

. Then by Wiener’s Lemma

(b0 F) = dr(h) by Lemma 5.10,
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Thus,

. ' n( 2rj/h)
dist (17, S (60): L) < llér %, F = nllp = || | 3R A+ 2mi/h)
(51 2 ' “ ; or(h - +277)

Hence (1). For the sake of proving (2), we may assume WLOG that

(6.4) 5 (ﬁ Egh (h+)2w ))

JEZA\0

< 0.
Ly

where the first inequality and the last equality follow from the finiteness of the second
expression which follows from (6.4) and the first equality. Thus (2) follows from (1)
We consider now (3) where it is assumed that 2 < p < co. By Lemma 5.2

vV
( 77(-+27TJ/@)) < const(d, p) || & ( Z 77 n(-+2rj/h)
sezno Ol 42m3) )| JEZd\o 2T e

1/

\ since suppn C ¢C,
JEZANO r(h-+277) W (5C+27j/h)
1/q
(R +2 R
< const(d,p,n) Z ¢ (A +277) \ since € C°.
JEZINO ¢r(h) Wz (8C)

Hence (3) follows from (1). O

Proof of Theorem 2.10. First note that Si(vy) C Si(¢n) because ¢, € S1(én). Hence,
Uy #y € SP(ér), 0 <r <h < hg. Let o € CZ® be such that

Y o(-+4) =1

jez?
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Fix 0 < r < h < hg. Then
(6.5)
dist (17, SY(¢r); L5) < I — v #h 0l o

| S ot+im—tow [ Sot-+im||| . stncen=3o(-+im,

jE€Zd jen . jen
P

= 1> (e +im=de sy (-4 < D llol-+ D= (o(-+im)ll.

<D S lleC A= e 0+ Dk ye
jEZ4 keZd

Let m > 2 be so large that suppo C mC and suppo N (k 4+ C) = 0 whenever |k| > md.
Now,

SX MoC 4 = e (ol + Dl e e

JEZA |k|<md
Go) S DRI <md}o( + i) — 4 (o + il
jezd
<Y (2md)es o+l BT = const(d, o, co, NI by (i),
jezd

And

Z Z [r 3 (o + Dk jrc)

JEZL |K|>md

<> > llahe+ fn(hey (/B = Ol kv

JEZ4 |k|>md Lezd

(6.7) < Z Z const(d, o )h ™" [|o(h - +7)n(h )l "¢T"Lm(h—1(k+(m+1)0))7
' JEZ4 |k|>md

since o(hl + j) # 0 only if £ € h™H(mC — j),

< > const(d,o, ) ler (L4 K[ /BTN o4 imll . by (),
|k|>md jezs

< const(d,o,n,c1,v)h7.
Therefore, by (6.5), (6.6), and (6.7),
dist (77, St(p,); ,/317) < const(d, o,n,c1,¢2,v, N)h7.

4

We make use of the following lemma in the proof of Theorem 2.11.
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Lemma 6.8. Let ¢, € Lo, h € (0..ho]. Assume that there exists v € (0..00) such that
for some ¢, € (0..00),

(1) on(@)] < el + o))~y e e R Re (0. hol;

~

¢h(0)‘ > 0.

(@) me= nf

Put N :={j € Z% : |j|, <~}. Then there exists ¢y, € (1(Z?) with suppc, C N such that
with Yy, 1= op *" cp,

(1) llenll, < const(d,7ere,m) ¥ h e (0. ol

(2)  (DUn)(0) = doa ¥ |a| <. T € (0. hol.

Proof. Put k := [+] and for functions f which are C*~1 in a neighborhood of 0, let Py_; f

be the unique polynomial of total degree < k which satisfies (D®Pr_1f)(0) = (D*f)(0)
for all |o| < k. In other words,

Paf= Y PO g

|a| <k

Fix h € (0..ho]. It follows from (i) that q/b\h c C*R?). Put pj := Pk_lq/b\h and g, :=
Pr_y (i), say pp = E|a|<k ae()® and g, = E|a|<k ba()®. Note that

Pr_1(prgn) = Pr—1 (@) =1.
P
Hence, Eﬁ<a bgaa—p3 = doa, which allows the b,’s to be solved recursively by:
(6.9) bo = ao_l((s()a — Z bgaa—3).
B<a

Now, a; ! = q/b\h(O)_l < m™! by (ii), and it follows from (i) that
lao| < const(d,v,c,e) V |a] < k.

Hence, by (6.9),

(6.10) |ba| < const(d,v,c,e,m) V¥ |a| <k.

Claim 6.11. The mapping

g Pr1 Y qli)e,

JEN
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is a linear bijection of CV onto IIz_;. In particular, it is invertible.

proof. It was shown in [9; cor.3.36] that the mapping

g Peo1 Y q(i)e—i

JEN

is a linear bijection of CV onto IIz_;. So for each o € N, there exists qo € CV such that
Pr—y E]‘e/\/ da(7)e—i; = ()®. Hence,

> 4ald)

JEN

{0, if0<n<k n#lal;
B (%, ifn=laf.

Therefore,

Z —@]) {0, if0<n<k, n#lo;
qa(J = Nnna
2 (i, ifn=lal.

Or, in other words, Pr_1 E]‘e/\/’ q(fe—; = (=)I1()* for all @ € M. Since {()® : a € N} is
a basis of II;_; (and since dim CN = dim II;_1), the claim is proved.

As a consequence of Claim 6.11, it follows that there exists ¢j, € (4 (Zd) with suppep C N
such that

gh = Pr—1 Z ep(a)e—q, and
a€EN

< t(d be,
lenll,, < const(d,~) |m|fg§€| |

Thus, by (6.10), (1) is established. Put ¢, := ¢ *’ ¢;. Then, since (¢p(- — a)) " = q/b\he_a,
it follows that ¥, = ¢ EaE/\/’ cp(a)e_q. Hence
Pre_10n = Pe_1(dngn) = Pe_1(pngn) = 1.

Therefore, (2) holds. O

Proof of Theorem 2.11. We will be employing Theorem 2.10. Put k := [v]. Let V', m, cp,
and 5 be as in Lemma 6.8. Since suppc, C A and in view of Lemma 6.8 (1), it follows
that

(6.12) |ton ()] < const(d,~,c,e,m)(1 + |x|)_(d+k+€), VazeRY he(0.. hy

In particular, condition (i) of Theorem 2.10 is satisfied. We now turn toward the task of
showing that condition (ii) of Theorem 2.10 holds. Let N be the least positive integer for

which
k
[
sup

fece 11l

A |CEAT

d+1
Wit (rd) Ly
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Let f € C, h € (0..ho) and r € (0..h]. Define f, by fi := i(h-)f. Note that
(6.13)  br b £ = Fllp < Wbw i (F = Sl + 1o = Fll o+ N fr = fall -
Claim 6.14.
[0y 5 (f = fu)llp+ 1fn = £l < const(d, v, ¢,e,m, 6)A7 || £y -
proof. By Lemma 5.1,

e %t (F = Fill, < Ieell e RYPIE = fulls e
< COIlSt(d,’y, G¢e, m)hd/ﬁ Hf - thEF(th) ’ by (612)
< const(d. v, c.e,m) [[(1+ )™ (F = )], -

ince 1t 1s also true that || fy, — ~ < const + |z — 1 , 1n order to prove
Si it is al h - < d 1 d+1 I i d
P %S

the claim, it suffices to show that

|1+ 2D = f)l] . < const(d, 5, ORI £l -

Now
0 2 = ], < const(@) (1= AhDF s

(1= 7)) e~

(R)
2k
" | ﬂ‘Wld‘"l(Rd)

1
\ since 7 =1 on 550,

< const(d,~)h**

‘W&“(Rﬂ
< const(d,~,d)h” H||2k fAHWd-l'l(Rd)
< const(d,y,0)R7 || f|| v -

Hence the claim.

In view of (6.13) and Claim 6.14, condition (ii) of Theorem 2.10 will be satisfied if we
show that there exists N € N such that

(6'15) qubf’ *;z fh - thL; S ConSt(d777 ¢, &,Mm, 5)h7 HfHN :
By the Hausdorff-Young theorem (cf. [23; p.142])

[ 0 fo = fall, < const(d) [[(vr 4 fo = Fa) T,

= const(d) ;//)\r(h) Z ﬁ( — 275 /h) — ﬁ , by Lemma 5.10,
(6.16) JELA Lo

o\
< const(d) (;Zr(h-)l)thq—l-const(d)( D $r(h-+27rj)fhiq) ,

JEZANO
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since suppﬁ C h=15C. By Lemma 6.8 (2),

5 —1‘< t(d, ’“‘2 Ve dC.
() < const(d,y) |z|" || W (50 T €
By (6.12), {/)\,, W (509 < const(d, v, c,e,m). Hence
1
4 - < const(d, vy, c,e,m).
A (Ve
Therefore,
- . op(h) =1 g .
[~ )|, = ne [ 2L e 7
q |h| Lz
6.17 b1 A
(6.17) < hk er p H||kf‘ , since suppn C 6C,
I (Ve b

< ConSt(d77707€7m)hk HfHN :

Now, for j € Z%0,

~ o 72;7’ h-+2my N
[oh - 2mi) Bl = wo | E D gy 7
7 R + |h|
Lo(h=16C)
ol + 2mj) H
v 1 A7 A‘
— h7_|_||'y (—|_||).]CLa
Lo (5C)
o
< const(d, )R M £l v s since 0 < r < h,
LG
ry” 2
< const(d, 3, eyeym)h7 | SLEZ gy
Gl A PR

since @Zr = Q/b\r Yaen Crla)e_q and HEQEJ\/CT(Q)G_QHL < HcrHé1 < const(d,vy,¢,m) by
Lemma 6.8 (1). Therefore

1/

n 7 ‘ S COHSt(d,’}/,C,a":,m)h’y HfHN A(5777q)

(6.18) > [ Een - +2mi) j_

JEZAN\O ¢

Hence, by (6.15), (6.16), (6.17), and (6.18), we conclude that condition (ii) of Theorem
2.10 is satisfied. The proof is now completed by applying Theorem 2.10. O
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7. THE STRANG-FIX CONDITIONS

In this section we address the task of finding reasonable side conditions under which
it can be proven that if ¢ satisfies the Strang-Fix conditions of order k and q/b\(O) # 0,
then (S"(¢))s provides L,-approximation of order k. For example, in Theorem 1.4 (by
Jia and Lei) it is proven that under conditions (i) and (ii) of Theorem 1.4, the Strang-Fix
conditions guarantee “controlled” L,-approximation of order k£ for all 1 < p < oco. The
problem with the strong decay assumption of condition (i) is that it implies that q/b\ is
globally smooth; whereas in some applications, q/b\ is only smooth away from the origin.
It is thus desirable to find side conditions which do not require qg to be smooth near the
origin. This was achieved for p = 2 by de Boor, DeVore, and Ron in [4]. In order to state
their result we introduce the potential spaces

WY = {f € Lyt | fllwg = ||(L+ 1F)72]

< oo}, p > 0.
Lo

We also need local versions of these spaces. If p is an integer and Q C R? is open, then
W2 (£2) is simply the Sobolev space defined in §1. It is fairly easy to see by the Plancherel
Theorem (cf. [32; th.7.9]) that W/ (R?) = W/ and that their norms are equivalent. In this
case (p € Z4), if {Qp}4 is a collection of disjoint open sets, then with € := Ugg

2 2
> 1 wg s = 1 vz o) -
8

For non-integer p, there are several equivalent ways of defining W, () (cf. [1; ch.7]) so that
WL (RY) = WY (with equivalent norms). In this case we have the subadditive property:

(7.1) ST ) < const(d, p, {235) | FI3vea
8

whenever, say, {3} is a disjoint collection of cubes and 2 := UgQz. We can now state
the relevent result of [4].

Theorem 7.2. Let ¢ € Ly and k € N. Assume that qg € WP (C + 27Z\0) and qg > &
a.e. on 8C for some 6,e >0 and p >k 4+ d/2. If ¢ satisfies the Strang-Fiz conditions of
order k, then the stationary ladder (S™(¢))y provides Lo-approzimation of order k.

Proof. cf. [4; th.5.14].

Note that the side condition, q/b\ € WF(6C 4 27Z\0), does not impose any smoothness
on ¢ near the origin and is implied by a strong decay of ¢ (e.g. condition (i) of Theorem
1.4).

There have been other attempts to give side conditions under which the Strang-Fix
conditions of order k and ¢(0) # 0 imply L,-approximation of order k (say, in the sense
of (1.1)). Namely, [8; th.3.5](p = oc0) and [21; th.3.9(2 < p < o0) and th.4.8(1 < p < 0)].

When 2 < p < oo, the above mentioned results are successful in that their side conditions
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require no smoothness of q/b\ near the origin, but fall short of the standard established by [4]
in that their side conditions are not implied by a strong decay of ¢. The side conditions
of [21; th.4.8] require a smoothness (increasing with k) of q/b\ near the origin and are not
implied by a strong decay of ¢.

We state now the present contributions which derive from Theorem 2.3 in conjunction
with Proposition 2.8 (1).

Theorem 7.3. Let p € {1,2}. Let ¢ € Ly and k € N be such that b€ W/l (eC + 27Z%\0)
for some e € (0..27) and p > k+d/2. In case p = 2 assume additionally that ¢ € C™(cC)

where m s the least integer satisfying m > d/2. If q/b\(O) # 0 and ¢ satisfies the Strang-Fiz
conditions of order k (1.8), then the stationary ladder (S]’}(qb))h provides L,-approzimation
of order k for all 1 <p <7p.

Note that the case p = 1 is very satisfactory in that the side conditions impose no
smoothness assumption on ¢ near the origin and they are implied by a strong decay of ¢
(e.g. condition (i) of Theorem 1.4). However, for the case p = 2, we do impose a (fixed)

smoothness assumption on ¢ near the origin. Nonetheless, the side conditions are implied
by a sufficiently strong decay of ¢ (e.g. if & > d/2, then condition (i) of Theorem 1.4
suffices).

Our result for the case 2 < p < oo is as follows.

Theorem 7.4. Let 2 < p < oo and let G be the exponent conjugate to p (i.e. satisfying
1/p+1/G=1). Let m be the least integer greater than d/q. Let k € N and define

‘_{k—l—d, if p= o0
Pe= minNN(k+d/q..c0), 1f2<Dp<oo.

Let ¢ € Ly satisfy qg € C™(eC) and q/b\ € W;(eC—I—Zﬂ'Zd\O) for somee > 0. If q/b\(O) # 0 and
¢ satisfies the Strang-Fiz conditions of order k (1.3), then the stationary ladder (S]’}(qb))h
provides Ly-approzimation of order k for all 1 < p < p.

Note that the side conditions impose a (fixed) smoothness assumption of q/b\ near the
origin, and they are not implied by a strong decay of ¢.

Proof of Theorem 7.8 and Theorem 7.4. In case p € {1,2}, put g := 2. Assume that ¢
satisfies the Strang-Fix conditions of order k and ¢(0) # 0. Then there exists 6 € (0..¢)

such that qg # 0 on all of 6C. Let n € 600\0 satisfy supp7 C §C and 1) = 1 on 36C. Then
the hypothesis of Proposition 2.8 is satisfied and the estimate (1) reduces to

\%

dist (1, S1(6); L7) < )y Mer2n/h)

=:, (h).
]EZd\O h +27T])

In view of Theorem 2.3, in order to prove Theorems 7.3 and 7.4, it suffices to show that

(7.5) ,(h) =O(h*) ash — 0.
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Let o € C2° satisfy suppo C 6C and o = 1 on supp1.
Clawm 7.6. If p =1 then

, (h) < const(d, 1, ¢) (a(h-) > a(-—|—27rj/h)) Vhe(0..1/2).

JEZANO

proof. Fix h € (0..1/2), and define

o(h-)

(¢ Y oo +27TJ))) :
JEZANO

For the purpose of proving this claim, there is no loss of generality in assuming that ¢» € L.
Now,

(h) = ( By 77 +2ﬂj/h))

jezd \0 h +27T])

(a(h-) S (- +2wk/h) W)

KEZA\O jeza O(h-+2mj)
= || *} THLl , by Lemma 5.10,
<IWllz, ANl zey» by Lemma 5.1,
< const(d) [P, [I7]]L, » by Lemma 5.6,

= COIlSt(d) “h_d¢( /h)HLl HTHL1

= const(d) (a(h-) 3 a(-—|—27rj/h))

(&)
¢(h-)

]EZd \0 Ly h Ly
Note that since h € (0..1/2),
i) JUSTAN i)\
i nue)m IS
s ) |, "IN e ) |, o) |,
NV
= nll, (%) < o0 by Wiener’s Lemma.
Ly
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Therefore,

v
o\ V
U > .
0 < couss(don ol | (2) (300 E ot +2mim
¢/ i, j€7i0 I
v
— const(d, 7, 6) (<$<h-> 3 . +2m/h>) .
JEZ\O L
Thus proving the claim.
Claim 7.7.
. (h) < const(d, B, b1, HAhH Vhe(0..1/2).
(h) < const(d, p, ¢, n,0) || ¢(h) W GO+ hm1270 0 €(0..1/2)
proof. Fix h € (0..1/2).
Case 1. p=1.
By Claim 7.6,
v
, (h) < const(d, 1, @) (sg(h') >, U('+27Tj/h))
JEZ\O L
< const(d,n, ¢) q/b\(h) Z o(-+2mj/h) , by Lemma 5.2,

JEZANO wn
< const(d,n, ¢) Z o(-+2nj/h) Hﬁ/b\(h)H

JEZANO

Wz

Wy (6C+h=127Z4\0)

= const(d,n, ¢, o) Hq/b\(h)H since 0 € C2°.

Wi (6C+h=12774\0)

Case 2. 2 <p < <.

Recall that in this case we assume that q/b\ € C™(6C). Hence,

) n-+27j/h) :HAﬁ
ieZA\0 th +277)

Wz

< const(d,n, ¢).

since suppo C 6C,
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Thus,
v
77(' +27j/h)
]eZd\o (h-—|—27rj) B
275 /h
< const(d, }_)) Z 77 -+ 27/ ) , by Lemma 5.2,

]eZd \0 o(h-+277)

gconst(d,]_)) Z 77 +27T]/h) Hﬁ/b\(h)H

JEZA\O Qb (h-+277) W3 (0C+h=127Z4\0)

< COIlSt(dv Py, qb) qu(h‘)HWIﬂ(6c+h_12ﬂ'Zd \0) ‘

Thus completing the proof of the claim.

Therefore, with (7.5) and Claim 7.7 in view, in order to prove the theorems, it suffices
to show that
(7.8)

o(h+) = O(h*) ash—0.

H me(acurh 12774\0)

Following [4], note that since p > k + d/q, with equality only if § = 1, it follows by the
Sobolev imbedding theorem (cf. [1; p.97,217]) that W2 (6C) is continuously imbedded in
C*(8C) (the latter bemg taken as a closed subspace of W% (§C')). Hence, since q/b\( +27j) €
W2(8C) we have qb( +275) € CK(5C), V5 € Z4\0, and

(7.9)

s [|(D73)( - + 2

max < const(d, p, k,d) Hq/b\( -+ 277])“ Ve ZN0.

Lo (8C) we ey’

Thus the Strang-Fix conditions of order k are meaningful and as a consequence of their
being satisfied we have

‘(Daqg)(x + 271']')‘ < const(d, k) |:1;|k_|a| max H(Dﬁq/b\)( + 277])H

(710 i BI=t Lo (6C)
< coust(d, p, k, 8) |71 || (- + 277]')HW§(6C) Vaedl, jezNo, |a| <k,
where the last inequality follows from (7.9).
Clawm 7.11.
H%(h-)H < const(d, B, p, k, §)h* HQZH Vhe(0..1/2), j € Z9\0.

W2 (6C+h=12mj) qu(60—|—2ﬂ'j)
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proof. Let j € ZN\0, h € (0..1/2). Then

509 = 0120
qu( ) W (§C+h="2m)) o - +2m;) w2 (6C)
1/q

| X e

|| <m

— Z plalg

|| <m

/g

(D%)(h - +27))

L=(6C)

Hence, in order to prove the claim, it suffices to show that

7.12 nlel||(Ded)(h - +2x)] < const(d, 7. p. k. 6)1* ||
(7.12) (D*)(h - +27)) wc)_COHS( D p R O)RT || we (o2’
for all |a| < m. For that, let |a| < m.
Case 1. |a| < k.
Applying (7.10) to the left side of (7.12) yields
pel (D2 B)(h - +2r5) < nlelconst(d, p, ko, §)RF 1T 3( - + 2rj) [l
(D%)(h - +27)) L6y S const(d, p, k. 4) ¢(- +2mj) we(s0) | L0
< const(d, 7, p, k, 6)* || .
< const(d, p, p, k,)h" || ¢ we (sC427)
Therefore, (7.12) holds.
Case 2. |a| > k.
Assume without loss of generality that p < k 4+ d/g+ 1. Put ¢ := o =& Note that
al —
>q > > d > d =q;
s kT djgrl1—k—dg T
d d dq
q= < —~ = =
laf =k~ Jal = (p—dfg) d—(p—lal)q

p—d/g+d/q=p—d/g+|a] =k > |al;
p > o with equality only if ¢ = q.

Hence, by the Sobolev imbedding theorem (cf. [1; p.97,218]), W;((SC') is continuously
imbedded in Wq|a|(5C'). In particular,

(7.13) HDagHLq(éc) < const(d, p, p, k. d) Hgng((sC) , Vg eWz(cC).
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_ —_ 1 . . . . 1 1 _
Put r = ¢/q and let r' denote the conjugate exponent of r (i.e. satisfying = + = = 1).

Then,

— plali—d /h(sc ‘(Daqg)(x + 277]')‘(1 dx

q ~ q
— h'aﬁ/ ‘ DY) (hx + 279 dx
wc)) [ @B +2m)

(D°G)(h - +277)

< plalg—d ‘(Dagg)( T 277]')‘(1 by Holder’s ineq.,
L, (h6C)
_ h|a|q d H Da 2 ‘ hé d/r'
O)( -+ 27j) L(hw)( )

< const(d, p, p, k 5)h|a|q_d+d/r (Daﬁg)( + 27‘7)‘ !
g 2 2 2 2 Lq((sC)
< const(d, B, p, k, §)hlelT—d+d/’ 2 H by (7.13
_COHS( 7P7P7 9 ) qb( —I_ 77.]) Wp(6C) y( )7
— const(d, p, p, k, §)hT H

= cons ( 3P Py ¢ WP(5C—|—27r])

Therefore, (7.12) holds. Hence the claim.

Now,
|30y = 2 || s
wr (6C+h—127Z3\0) JeZA\0 wZ (6C+h—127j)
_ ~||7
< const(d,p, p, k., §)h* H H ) by Claim 7.11,
< (d, D, p, k., 0) j;\ ¢ we (601275 y

< consta ok, 1|3
const(d, p, p, ¢ WP(50+27er\0)

which, in view of (7.8), proves the theorems. O

8. PROOF OoF PROPOSITION 3.7

The notation used in the following lemma is of course a silly abstraction of the hypothesis
of Theorem 3.7; it serves simply to disarm the usual d-tuple representation of R¢ which,
in the present situation, only gets in the way.

Lemma 8.1. Let X be a d dimensional Hilbert Space over R. Let = be a finite multiset
of linear functionals defined on X, and suppose that

(8.2) #{fEE:f-x#O}ZQ, Vo e X\0.
Then there exists ¢ € (0..1) such that

——————dmy(z) < oo,
/Xge e
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where mg 1s d dimensional Lesbegue measure on X.

Proof. For e € (0..1) define

1
fem =] — . sex
561_15 1+ ¢ -2

The lemma is true when d = 1 because in that case,

— _ [ dt
/}(fl/zx(fl?;:)dml(“?) < COHSt(Z)/O Tz =%

Prodeeding by induction, assume the lemma is true whenever 1 < d < d'. Consider

d=d + 1. WLOG we may assume that 0 ¢ =. We define the following two sets

H:={¢ L: £ €=}
Xo={reX:{ - x#£0forall £ €=}
Note that H is a finite collection of hyperplanes and Xo = X'\ [ JH. Hence m4(X\Xo) = 0.

Now Xy can be partitioned into finitely many open cells via the equivalence relation:
(8.3) r~y i (E-x)(-y)>0 VEEE.

Let © be the collection of these cells. Since #£ < oo, in order to prove the lemma, it
suffices to show that for all € € there exists ¢ € (0..1) such that

(8.4) /Qfg(x,E) dmg(z) < oo.

Solet Q € . Fix 7 € €.

Claim 8.5.
ac |J Ur+0anH).

HeH t>0

proof. Let x € Q. Since 7 €  and with (8.3) in view, it follows that for each ¢ € =, there
exists t¢ > 0 such that £ - (@ —tg7) = 0. Letting ¢ := minges tg, it is easy to see that
r—tr € 00 N H for some H € H. Thus proving the claim.

Since #H < oo and with (8.4) and Claim 8.5 in view, in order to prove the lemma, it
suffices to show that for all H € H there exists ¢ € (0..1) such that

(8.6) felz;2) dmg(z) < oo.

/Ut>0 tr+(8QNH)
Let H € H. Note that H is a d — 1 dimensional Hilbert space and that

H#{e=Z: x40} >2, Vo e H\O.
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Therefore by the induction hypothesis, there exists ¢ € (0..1/3) such that

(8.7) / fae(x;2) dmg—1(x) < 0.
H
Since X = H @ span{r}, it follows by Fubini’s Theorem that
(8.8)
/ fe(x; 2y dmg(z) < const(H,r)/ / fe(x;Z)dmg_q (x) dt
Uiso tr+(8QNH) 0 Jtr+(aQnH)

= const(H, T)/ / felx +tm2) dmg_q(x) dt.
0 oQNH
Note that if @ € 99, then (£ - 2)(-7) > 0 for all £ € =. Hence,
(8.9) §-(e+tr)[ =l +|¢-tr],  Veed, t>0, (X

By (8.2) and the definition of H, there exist £y, &; € =, distinct in the multiset sense, such
that &g L= H and & -7 # 0.

We wish now to use the following inequality which can be derived simply by considering
separately the cases s+t > 1and s+t < 1. If a,3 > 0, then

1 3
<
14 (s+t)ots = (1 +s9)(1 +tF)’
We will apply this inequality with o = 2¢ and = 1 — 3¢ which is valid since ¢ € (0..1/3).
Now, for t > 0 and = € 00N H,

(8.10) Vst >0,

1
fe(tr+2;,2) = —, by (8.9),
U ey
1 1
= — —, since &y - x = 0,
1+ & - t7|' 11 L+ ([€-tr+ 1€ - 2])

£€E\¢o

1 3
< — . — by (8.10),
1+ 6o tr]' 56151\50 (L€ )L+ 1€ 2 7)

- 1 H 3
B (1 + |€0 't7_|1_€)(1 + |€1 'tT|2€) E€E\E 1+ |€ ) $|1_38
1/3 3

(L+[€o - tr[ 7)1+ 1€ #r|™) jm 1+ 1€ - ]
< const(E, 7, &0, £1) ———— fy(a: Z).

14 ¢tte
Therefore,

/ / fe(tr + 2 2)dmg_q(x) dt
0 OQNH

— > 1 —
< const(=, T, 50,51)/ W/ fae(2;2) dmg_q (2) dt < oo, by (8.7).
o 1t oQNH

Thus, in view of (8.8) and (8.6), the lemma is proved. O

T30 since & - = 0,

m

[1]
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Lemma 8.11. For all z € R,
inf{|lnz —j|:n € N and j € Z} = 0.
Proof. For z € R% let C(z) be the unique element of [~1/2..1/2)¢ such that +—C'(z) € Z.
Note that
|C(z)] = inf{|lz —j| : 5 € Z%},  VeeR%

Fix z € R? and let ¢ > 0. Since C(nz) € [~1/2..1/2]? for all n € N, there exists
y € [—1/2..1/2]¢ and m,n € N with m < n such that

|C(ma) —y|+ |C(na) —y| <e.
Hence,
|IC((n —m)x)| < |C(ma)— C(nx)| <|C(mzx) —y|+ |C(nz) —y| < e.
O

Proof of Proposition 3.7. Assume k'(Z) > 2. Put R := maxgez [£] and ¢ :=
show first of all that

(8.12) #H{Ec=: 6240 >2, VYeeRNO

Let + € RN0. By Lemma 8.11, there exists n € N and j € Z%\0 such that |nx — j| < 4.
Now if £ € K, then [£ - j| > 1. Hence,

€ nal > 16 4= |¢ - (na — )]
> 1— |¢] Ine — j| 2 1/2.

We will

L
2R"

Therefore,
BlEET 60 £0} > 4K, > 2
Hence, (8.12). Therefore by Lemma 8.1,

dx
(813) /Rdgel_lgm<oo.

Now, if j € Z\0 and « € j + 6B, then

1 1
U= Wit o

== ==
1 2
50| Pa— ) SR
Therefore,

1 1
L M reg=mmm 2

2
[
jezi\0 E€E jezi0 j+535651—|—|§-x|

1
< t(d, 6. = —d by (8.13).
_cons<,,>/ﬂ%d£€r[:1+|£'x|x<oo y (8.13)
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