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Abstract. In [BV93], Bezhaev and Vasilenko characterize the “mixed interpolating-smoothing
spline” in the abstract setting of a Hilbert space. In this paper, we derive a characterization under
slightly more general conditions. This is specialized to the finite-dimensional case, where, in particu-
lar, we show that the v-spline (a piecewise polynomial alternative to splines in “tension”, see [N74])
is a special case of the mixed interpolating-smoothing spline, a limiting case of smoothing splines
as certain weights increase to infinity, and a limiting case of near-interpolants ([K99a]) as certain
tolerances decrease to zero.
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1. Introduction

Let X, Y, Z; and Z be Hilbert spaces with inner products (, )., (, )y, (, >Z1 and (, >Z2,
respectively, and let T : X — Y, A1 : X — Z1, Ay : X — Z5 and 7 : Zy — Z5 be bounded
linear maps. For z; € Z1, 20 € Z3 and p > 0, the mixed interpolating-smoothing spline is a
solution to the problem

(1.1) minimize ||Tf||z, +p||lr(Aef — z2)||2Z ,
FEAT a1} 2

as defined in [BV93] but when = is the identity map on Z3 and p is replaced by 1/p. In particular,
(1.1) reduces to spline interpolation when Z; = (), and to smoothing when Z; = ().

The solutions to (1.1) (when = is the identity map) are characterized in [BV93] by the method
of Lagrange multipliers. For this, it is observed that the solutions to (1.1) correspond to stationary
points of the “Lagrangian” functional

L(f,0) = ST + Sollw(Aaf — )5, + (o Arf = 21)
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for some “Lagrange multiplier” v € Z5, and are identified by setting the partial derivatives of £ with
respect to f and v to zero. In the present paper, the solutions to (1.1) are characterized by the theory
of best approximation in a Hilbert space, an application of the projection theorem, as done for the
separate problems of pure smoothing and pure interpolation in [A92] (following his earlier work in the
1960’s), [AL68], [BV93] and [dB98]. This abstract characterization is refined by specializing (1.1) to
the case that Z; and Z5 are finite-dimensional, and further refined when the splines are represented
in a certain “dual” basis.

We then apply the abstract results to problems of the form

1
(1.2) (rjnigi{r_lige__/ FO )P ds + Y wig [FID () — 27

for some subset ¢+ of n x m and for non-negative weights w;;. The solutions here are polynomial
splines. Problem (1.2) reduces to the problem of best interpolation when ¢+ = n x m, and to the
problem of smoothing when + = (). This generalizes the standard problem of smoothing studied in
[So64], [R67], [R71], [dB78], [W90], [D93] and [dB98], for example, to include the “Hermite-type”
functionals f — fU~1D(t;) and possibly zero weights (the reciprocal of the weights appear in the
characterizations given in those papers that include the weights).

A third instance of (1.2) is when ¢ = {(4,1)} and z;; = 0 for j > 1, in which case the solutions to
(1.2) are v-splines, as defined in [N74] (when m = 2). In this case, the weights w;; for j > 1 are the
so-called “tension” parameters. Moreover, by letting some of the weights go to co in the problem of
pure smoothing, we show that v-splines are a special limiting case of smoothing splines. As shown
in [K99b], the problem

1
(1.3) minimize {/0 £ (8))2 ds: |[FID () — 25| < €45, i=1:m, j=lm}

2



of “near-interpolation” ([K99a]) yields the same solutions as the problem of smoothing for certain
weights w;; that depend on the tolerances ¢;;, and vice-versa (here, zero weights correspond to
inactive constraints). As a consequence, we also verify here that the v-spline is a limiting case of
near-interpolation when e;; — 0 for some ;.

As a final example, we will apply the theory to the problem
1 .
minimize /QLFX@—+af%5H2ds—k Sy [£9D(8) — 22,
£ 0 =z Jo ()20

(i,5)€e

the solutions of which are “splines in tension” (with smoothing), generalized here to include the
Hermite-type functionals. The solutions here are piecewise exponentials, in contrast to the previous
examples where the solutions are piecewise polynomial. Although not discussed in this paper, thin
plate splines and thin plate splines in tension are also special cases of (1.1).

2. Hilbert space structure and additional notation

To characterize the mixed interpolating-smoothing spline, (1.1) is reformulated as a problem of
best approximation in the Hilbert space

H:=Y x Zy

with inner product
<7 >H = <7 >Y +P<, >Z2'

With
e: X — H: fr— (Tf,mA\sof),

problem (1.1) can be restated

(2.1) minimize |le(f) — (0,7rz2)||i1.
fea; Yz}

The setup is illustrated in Figure 2.2.

T
ATHz X ~-Y
Ao €
Z2 - H=Y x Z2

Figure 2.2. Hilbert space structure.
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In addition to the notation above, let Z := 7y x Zy and A : X — Z : f —— (A1 f; Aof) (with
“” indicating a column vector, i.e., a row map). Let T* : Y — X and A* : Z — X denote the
usual adjoint maps (with identifications Z ~ Z* and X ~ X*). To keep the notation below precise,
let I;; be the identity map on Z;, 0; the zero element of Z;, and 0;; the zero map from Z; to Zj,
t=1,2and 7 = 1,2, and let 0x be the zero element of X, Oy the zero element of Y, and 0 € IR.

3. Characterizations

The characterizations (and existence) of solutions to (1.1), as stated below, are based on the
observation that o is a solution iff e(c) is a best approximation to (Oy,7zy) from e(A7'{z}). In
the Hilbert space H, and assuming that e(A7'{z1}) is closed, this is the case iff e(o) — (Oy,722)
is orthogonal to e(A7'{z1}) (a consequence of the “projection theorem” for closed convex sets in
Hilbert spaces).

Theorem 3.1. Solutions to (1.1) exist when z; € ran Ay, and they are unique if ker T N ker A; N
ker(mA2) = {0x}.

Proof: Since z; € ranA; and A; is bounded, Al_l{zl} is a nonempty closed and affine
subspace of X, which, under the bounded linear map e, e(A7'{z1}) becomes a closed and affine
subset of H. Indeed, A7'{z} is closed since A; is bounded, and e is bounded since T and 7A,
are bounded. Therefore, there exists a unique element (y,2) € e(A7'{z1}) of minimal distance to
(Oy,7z2) € H, and any o € AT {21} such that e(c) = (y, z) solves (1.1). This establishes existence.

Assume that o1 and oy are solutions to (1.1). Then e(o1)=e(02)=(y, 2) and Ajo1=A;03, imply-
ing that (o7 —03) € ker T'Nker Ay Nker(wA2), and so 07 = o3 when ker T'Nker A; Nker(wAs) = {0x}.
O

Proposition 3.2. Let o0 € X. Then o is a solution to (1.1) iff

(3.3) (T*T + pj(\;Az)*ﬂAz) 0All1 ] m - [mm?)*m]

for some v € Zj.

Proof: Note first that Ayo = z; when (3.3) holds, implying that z; € ran A;, which, by
Theorem 3.1, implies existence. As stated above, o solves (1.1) iff e(o) is a best approximation to
(Oy, 722) from e(A7*{z1}), which holds iff

e(o) — (Oy,m20) L e(AT{z1}),
iff
(e(0) = (Oy,m22),e(0) —e(f)); =0
for all f € A7'{z1}, and, since AT'{z;} is parallel to ker A, iff
(e(0) — (O, m22), () = 0
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for all f € ker Ay, i.e.,
(To,Tf)y + p(m(A20 — 22), mA2f) , = 0.

On passing to the adjoint maps,
(T, f) ¢ + p{(The) 7 (Aso — ), f) =0
for all f € ker A;. Therefore,
T*To + p (mhs)*1(Ago — 25) € (ker Ay)™ = ran A}

(the last equality since X and Z are Banach spaces and A; is bounded, by [R91: Theorem 4.12]),
and so
T*To + p(mA2)*m(Ago — 2z2) + AJv = 0x

for some v € Z;. This, along with the interpolatory condition Ajo = 21, establishes (3.3). O
Equation (3.3) is identical to Equation (1.10) in [BV93] when 7 = I5.

Corollary 3.4. If o solves (1.1), then T*T'o € ran A*. If also

(x : (F,9)— (Tf,Tg)y +(f, kerr

with (, )xer the inner product on ker T, then o € ker T + ran A*.

Proof: For the first result, it follows by (3.3) that
T*To = —p Asn*n(Ayo — 23) — Ajv,
implying that 7*To is in the range of A*.

For the second result, let o =: p + h in the orthogonal sum decomposition (ker T') & (ker T')* of
X. Then,
<T*Th7 '>X = <Th7 T'>y = <h7 '>kerT + <Th7 T'>y = <h7 >

and so T*T is the identity map on (ker T)*. Therefore,

X

ranA* 3 T*To =T*T(h+p) =T*Th = h,

and so 0 =p+ h € ker T+ ran A*. O

We will now assume that the map A is onto with a finite dimensional range Z. In this case, A*
is 1-1 (as stated in the proof below), and the map

(3.5) U= (AA)IAT*T . X — Z
is well-defined. We decompose this map as follows:
U = (\Ill,\pz) X — Zl X Z2 : f — (\Iflf, \Ilzf)

(the map A*(AA*)~!A is the projector for spline interpolation restricted to (ker T')*, as shown in
[BV93: equation (1.47)].)



Proposition 3.6. Let 0 € X. Assume that A : X — Z is onto, and that Z is finite-dimensional.
Then, o solves (1.1) iff Ao = z, and

(3.7) (Vg + pr*mAs)o = pr*mze,

with ¥ as defined in (3.5). Moreover, v = —WUqi0 (with v as in (3.3)).

Proof: Since A : X — Z is onto and Z is finite-dimensional, the map A* : Z — X is 1-1.
Therefore, the map AA* is invertible. By (3.3),

T*To + p (nAs)* Ao + Ajv = p(mA2)" 72s.
Equivalently,
T Ayo T* T2y

T*TU+pA*[ 01 }—I—A*{;}:pA*{ 01 ]
2

On multiplying through by (AA*)~'A, and with ¥ = (Uy; ¥5) as defined in (3.5), this reduces to

Vo 01 v 01
[\1120] tp |:7T*7TA20':| T [02] - |:7T*7T212:| '

This equation, along with the interpolation condition Ajo = z1, establish (3.7). O

Proposition 3.8. Assume the hypotheses of Corollary 3.4 and Proposition 3.6, and that kerT' C
ran A*. Let V = (V1,V5) be the basis(-map) for ran A* that is dual to A. Then, o solves (1.1) iff
oc=Va=Viay + Vaay for some o € Z such that oy = 71 and

(39) (\Ifz‘/z + p7r*7r)oz2 = pﬂ'*ﬂ'Zz — q’leZl.

In this case, v = =V Va (with v as in (3.3)).

Proof: By Corollary 3.4, o0 € kerT + ran A*, and since kerT C ran A*, then o € ran A*.
Since V is dual to A,
A10' = A1Va = Al(VlOél + Vzaz) = oy,

and likewise Ayo = as. By Proposition 3.6 it follows that Ao = 21 = a1, v = —-¥,0 = =¥V, and
Vo (Vizy + Vaao) + prmas = pr¥mz,,

which is equivalent to (3.9). O

Note that the smoothing and interpolating parts of the characterizations in Propositions 3.6 and
3.8 are disjoint. As a consequence, v does not need to be calculated.



4. Piecewise polynomial splines and splines in tension

Let m, n € 7ZZ, and let ¢« be a subset of n x m with complement +°. Let

X = IL8(0. 1]— R),

Y := Ly([0..1]— IR),

Z =7y X Zy =R xR" = IR™*",
T:X —Y:fr—D"f:=fm)

with X the Sobolev space of functions f : [0..1] — IR such that f(™) is in the Lebesgue space Y,
and with inner products

(@.1) () = 30 09700)-09790) + [ Tr()-Ta(s)ds

Fr gy (Tf,Tg),

and

Z ;3.

(4,5)€e”

In particular, (, ), is a semi-norm on X, and the map 7' is bounded. Let ¢ = (#;) be a sequence of
data sites such that 0=t;<ty<---<t,=1, and let

(42) A X — Zy: f— (FU91) 1 (i,5) € 0),
. Ao : X — Zy: f — (FUD@) : (i, 5) € ).

Since t; < t;41 for i=1:n—1, the map A : X — Z is onto. Finally, let

T Zy — Zyta— (Jwijaij: (i,7) € %)

for weights w” > 0. Then, the map 7 corresponds to a diagonal matrix, and so 7* = 7. Let
Wy := 7*m = 72. Problem (1.1) then reduces to the problem

(4.3) minimize / 1F™(s))? ds + Z i |F97D(t:) — 25
FUD ()= Zij (i,5) &L
(i.)€e ’
It is a standard result that ran A* = $9,,,, the space of piecewise polynomials on [0..1] of

order 2m and with m — 1 continuous derivatives at the “breakpoints” ¢; (as discussed in [K99a], for
example). In particular, ker 7" C ran A*, and so by Corollary 3.4 solutions are in ran A*. Let

jmpy, : fHEEf( )—}LlTrgf( u),

with fU=D(07) := 0 =: fU-V(1%) for j=1:m.



Lemma 4.4 ([K99a: Lemma 5.3]). Let f € ran A*. Then
Uf = (AN)TIAT*Tf = (1) jmp,, fC™ ) s i=1m, j=T:m).

Proof: In [K99a] it was shown by integration by parts that

Tf,Tg ZZ m ]+1 Jmp f(?m J)) (j_l)(ti) = <jmptf7Ag>Z2

i=1 j5=1

for all ¢ € X. On passing to the adjoints, 7*Tf = A*jmp,f. Since A maps X onto the finite-
dimensional space Z, then A* is 1-1, and so AA* is invertible. Hence, on multiplying through by
(AA*)~LA, we have that (AA*)"LAT*Tf = jmp, f. That is, jmp, is the map ¥ defined in (3.5). O

By (3.7)
(4.5) Voo = —pWa(A20 — 22),
or, with 0 = Va with V' the basis(-map) for ran A* that is dual to A, it follows by (3.9) that
(4.6) (UaVo + pWa)ag = pWaze — Ua V2.

In particular,
(4.7) jmp,, o™ = (=1)™H pwiy (VD (t) — i)

when (4,7) & . Here, this dual basis V' is the “piecewise Hermite” basis for $a, ¢.
Example 4.8 (best interpolation). w;; =0 for (i,j) € ¢

In this case, (1.1) reduces to the problem
1
minimize / £ (s)|2 d s,
FEA a1}

and o = Va solves (1.1) iff a3 = Ajo = 21 and ¥oVa = Wyo = 0. That is, o is characterized by the
equations U= (t;) = z;; if (i,4) € ¢ and jmp, o™= = 0 if (4, ) € .°.

Example 4.9 (smoothing). 7, = Z.

Problem (1.1) reduces to

mlnu’mze/ 1F™ ()2 ds + pZZw |F9D () — 252

=1 5=1

By (3.9),
(TV + pWa)a = pWaz.

This reduces to the standard problem of smoothing (as in [R71], for example) when w;; = 0 for
J > 1 and w;; > 0 for j = 1. In particular, there is no difficulty with zero weights in this formu-
lation, unlike the standard characterizations given in the literature that involve the inverse of the
weights. Moreover, with the derivative functionals, this generalizes the usual problem of smoothing
to “Hermite smoothing”.



Example 4.10 (the v-spline). Z; = (z;; : j=1) and Zy = (%;; =0:j > 1), and p = 1.

Problem (1.1) reduces to

1 n m
minimize / ()P ds + >0 wiy |FUD ()
f(ti)=zi1 0 i1 j—2
The solutions to this problem are v-splines (see [N74]), generalized here to m > 2. The weights w;;

for j > 1 are termed “tension parameters”. In particular, by (4.7),
impy, o) = (1) pwy(a UV (t;) — 2i5)
for 7 > 1, which generalizes the property
o' () — o (t7) = vio' (1)

7
for v-splines given in [N74] for m = 2, where here v; = w;2. Hence, v-splines are a special case of

mixed splines.

Example 4.11 (limits of smoothing splines and the v-spline). Z; = Z and w;; — oo for
some 7.

As in Example 4.9,
(PV + pWa)a = pWaz.

Assume that Wy consists of those w;; such that w;; — oo, and that A;, Z;, W;, etc., are defined
similarly. Then,
Ui Va+pWiar = pWiz,
UsVa+ pWoas = pWszs.
On replacing the first of these equations by
WP Va)+pay = pa,
and passing to the limit w;; — oo for w;; in Wy, the limiting case of the first equation is

pai=pz,

i.e., @ = z; when p > 0. Indeed, since o := V« solves (4.3) for fixed w, then

wijlos — 2i1> < |Toll? + ) wig laij — 21> < | TFI12
]
with f the interpolating spline, and so w;;|a;; — 2| is bounded, and |a;; — z;;| — 0 as w;; — 0.
Hence, smoothing splines converge to mixed interpolating-smoothing splines when w;; — oo for
some ¢j. In particular, when w;; — oo for j = 1 and z;; = 0 for j > 1, the corresponding smoothing
splines converge to a v-spline.

This convergence is illustrated in Figure 4.12 (a) and (b). Since the effect of the tension pa-
rameter in the v-spline is particularly striking for curves, we prescribe the data z;; in IR?, and solve
the above linear systems with 2 right hand sides. In this case, the functions f are vector-valued
maps f :[0..1] — IR%. In each of the sequences in Figure 4.12, the weights w;; range from 50 to
31,250 (~ o0), while w;s is set to 20 and 400, respectively. Moreover, z;2 = 0 for all i, and so for
large w;1, the weights w;o are close to the tension parameters of the corresponding v-splines. The
sharper corners (smaller tangent vectors) in (b) correspond to the larger tension parameters. To
obtain the C! periodic curves, we let Ay : f — (f(tn) — f(t1); f'(tn) — f'(t1)), 2Zn1=2n2=(0,0), and
Ay s fr— (fUD(t) i=1in—1, j = 1,2).



Figure 4.12. Convergence of smoothing splines to a v-spline.

Example 4.13 (limits of near-interpolants and the v-spline). Z; = Z and €;; — 0 for some
ij-

As stated in (1.3), near-interpolants solve the problem
1
minimize {/ 1F™ ()2 ds: [fU7D(1) — 2ig] < €4, i=1in, j=1:m]}.
0

As shown in [K99b], solutions to this problem solve the problem of smoothing for weights w;; that
correspond to the Lagrange multipliers associated to the constraints, hence these weights depend
on €;;. In particular, |FU=D(t;) — zij| — 0 when g;; — 0, in which case either w;; — oo or
|FU=D(t;) — zij| = 0 for small ¢;;. Hence, when ¢;;; — 0 for j = 1 and z; = 0 for j > 1, the
corresponding near-interpolants converge to a v-spline. This is illustrated in Figure 4.14. Here, the
data points z;; € IR? are at the corners of the unit cube, and the prescribed tangents z;2 are set to
zero. In both of the curve sequences in (a) and (b), the tolerances €;; range from 0.4 to 0.025 at the
upper corners, and they are fixed at 0.025 at the end points. Since e;5 is larger in (a) than in (b),
the weights w;a of the corresponding smoothing splines are larger in (b) than in (a). These weights
are close to the tension parameters of a v-spline when ¢;; are small.

(a) €i2 = 5 (b) €i2 = 0.5

Figure 4.14. Convergence of near-interpolants to a v-spline.

Example 4.15 (Splines in tension (with smoothing)).

Schweikert’s spline in tension ([Se66]) is the solution to (1.1) when T : f — D?f + aDf and
Ay i f — f(t;), and with no smoothing term, as was shown by Nielson in [N74]. Here, we include
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the smoothing term in (1.1) to obtain

1
(4.16) (,nlif)li?ize,, / 1f"(s) +af(s)?ds + Z wij | F9V () — 245
I g == 0 (i)

(In [P78], Pruess studied splines in tension with smoothing, but for functionals of the form f —— f(¢;)
only). The maps A; and Ay are as defined in (4.2), and ¢ is a subset of n x 2. The inner product on
X is taken as in (4.1) with m = 2 and with

ker T = {a+be ") : a, b e R},

the space of those f € X that satisfy the homogeneous differential equation f” + af’ = 0. Solutions
to (4.16) have the form

(417) a; + bz( — tz) + Ciea('_ti) + die—a(-—ti)

on each interval (¢; ..t¢;41). In particular, ker 7' C ran A*, and so it follows by Corollary 3.4 that
solutions ¢ are in ran A*. The dual basis V' described in Proposition 3.8 is the “piecewise exponential
Hermite basis” (see [NF84], equations (2.2) and (2.3)). Here, with the Hermite-type functionals, the
curves are generally C*, rather than C?. In particular, the characterization given in Proposition 3.8
applies. Finally,

Vo = (AN*)"'AT*To = (jmp,, (6" — &®6’), —jmp,, (6" + ao’) : i=1:n),

as can be derived by integration by parts (as in [N74]), and ||Ta||§, = (Vo,A0) , .
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