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1. SUMMARY

Let m:a =1ty <t <---<t, =>bbe a partition of the interval I = [a,b], k an integer greater than one,
and denote by S* the set of all polynomial spline functions on [a, b] of degree k — 1 on 7, i.e., with (interior)
joints (or knots) at the points ¢y, ta, ..., t,—1. This note is concerned with the behavior of

dist (f,87) = inf{||f —plr: p € ST},

as the mesh of 7,
|| = mzax(ti+1 — i),

goes to zero. Here, f is an element of the real Banach space C(I) with norm
lgllr = max{|g(t)| : t € I}, forall g € C(I).

It is proved that, for all f € C(I),
dist (f, S7) = O(w(f;|n]) (1.1)
as 7| — 0, where w(f;-) is the modulus of continuity of f. Hence, if f € C(")(I), then
dist (f, 55) = O(z|"w(f"; |))), (1.2)

for 0 <r <k — 1. In particular,
dist (f, 55) = O(|x|*)

for f € C™(I), or, more generally, for f € C*~1(I), such, that f*~1) satisfies a Lipschitz condition, a
result proved earlier by different means [2]. These results are shown to be true even if T is permitted to
become infinite and some of the knots are permitted to coalesce.

The argument is based on a “local” interpolation scheme P, by splines, which is, in a way, a general-
ization of interpolation by broken lines, and which achieves the convergence rate (1.1). The linear projector
(i.e., linear idempotent map) P, can be shown to be bounded independently of w. Hence, the argument sup-
plies the fact that any sequence S’,’fn with lim |7, | = 0 admits a corresponding uniformly bounded sequence
P, of linear projectors on C(I) with Sffn the range of P, which converges strongly to the identity. Such
sequences are important for the application of Galerkin’s method and its generalizations to the approximate
solution of functional equations (cf., e.g., [1]).

The following standard notation will be adhered to throughout. For T some set, m(T) denotes the
Banach space of all bounded real-valued functions on 7', with norm

[fllz = sup |f(t)], forall f€m(T).
teT

If T is a closed subset of the real line, R, then C(T') denotes the closed linear subspace of m(T) consisting
of all continuous (bounded) functions on T'.



2. GENERAL REMARKS

The arguments to follow derive from the following considerations.
Let X be a normed real linear space, {¢;}? ; a finite subset of X with S its linear span. A set {\;}1,
of linear functionals on X is said to be a dual set for {¢;}; if

)\i(bj:dij, i,j:l,...,n. (21)

If {¢:}}_, has a dual set {\;}"; consisting of continuous linear functionals, then the rule

n

Pz = Z()\ix)(bi, forall x € X, (2.2)
i=1

defines a continuous linear projector P on X with range S. In fact, since {¢;}, is a finite set, there exists
an A such that

I Zaiqﬁiﬂ < All(e)|loe for all (o) € R™. (2.3)
i=1
Then, for all x € X,
[Pa|| < Amax Az < Amax [|Ai |||, (2.4)
hence
7] < Amax A (25)

The last inequality in (2.4) also shows that

(max [ Xi]}) Ml (@)oo < [ )il for all (as) € R, (2.6)
i=1
since for x = > a;¢;, one has \;x = a;, i = 1,...,n. This statement has the interesting converse:

Lemma 2.1. Let X be a normed linear space, {¢;}"_, a subset of X. If there exists a B > 0 such that
[[(ai)]leo < B Z a;¢;]|  for all (o;) € R, (2.7)
then {¢;} has a dual set {\;} of continuous linear functionals on X satisfying
m?xH)\iH <B. (2.8)

Proof: Let 1 <7 <mn, and denote by S; the linear span of {¢; : j =1,...,n; j #i}. By a corollary

~

to the Hahn-Banach theorem, there exists a continuous linear functional, A, on X such that :\\Z[Sz] =0,
[Aill = 1, and X;¢; = dist (¢, S;). But

dist (¢, S;) = inf {[|¢ — Z%‘(Jﬁjll (o) €R"}
i

=inf {| Y ajé;]: () €R", s =1}
j=1
> inf{B7(a))||oo : (o) €ER™, a; =1} > B! >0.

Hence, with A; = (\idhs) ' Ai, i = 1,...,n, {\}", is a dual set for {¢;} such that max; |\ < B. Q.E.D.
On combining Lemma 2.1 with (2.6), one gets

inf{|| Zamiﬂ (i)l =1} = miindist (¢, Si)- (2.9)
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Corollary. Let {¢;}}-, C X, S; the linear span of {¢;};-;. If

0 < inf dist (¢4, Si), (2.10)
then there exists a continuous linear projector P on X with range the span S of {¢;} such that

[P < sup :1|\Zai¢ill/”( inf 1||Zai¢z'|\- (2.11)

(i) loe oillee=

Remark. The right—-hand-side of (2.11) can be interpreted as the condition number of the basis {¢;} for
S. This leads to an interesting connection between the existence of linear projectors with range .S of “small”
norm and the existence of “well-conditioned” bases for S, which we will not pursue here further.

The finiteness of the set {¢;} was not used in any essential way in the preceding discussion. The same
arguments apply to a subset {¢;},.7 of X, where Z denotes the integers, provided

> aig
il

can be interpreted in some reasonable way as an element of X for each a = () € m(Z), and, connected
with this, one can ascertain the existence of a constant A such that

| Zaiqﬁiﬂ < Alally  forall a € m(Z).
icZ

3. POLYNOMIAL SPLINES ON THE REAL LINE

In order to circumvent certain (mostly notational) complications, and for its own interest, uniform
approximation on the entire real line by splines is treated first.
A biinfinite real sequence 7 = {ti}z‘eZ is called a k—extended partition of the real line R provided

t; <tivk—1 foralli e Z,

lim ¢; = do0. (3.1)
i—+oo

Hence, if d; denotes the frequency with which the number ¢; occurs in 7, then d; < k — 1 for all i € Z.

With 7 a k-extended partition of R, k > 2, let S¥ denote the set of all (polynomial) extended splines
of degree k — 1 on T, i.e., Sk consists of those real-valued functions on R which reduce to a polynomial of
degree < k—1 on each of the intervals [t;,¢;+1], for all ¢ € Z, and which have k — 1 —d; continuous derivatives
in a neighborhood of ¢;, for all ¢+ € Z. Further, define

BF =S¥ N C(R), (3.2)

the set of bounded splines of degree k — 1 on 7.
It is shown in [4; Theorem 5] that S¥ is linearly isomorphic to RZ , the isomorphism being

() = Y oM. (3.3)
ieZ,

Here, with a slight change of notation as compared with [4],
M;(t) = kg(ti,tiv, s tivk;t) (3.4)
is k times the k—th divided difference in s of the function
g(sit) = (s — )" (3.5)
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on the points ¢;,...,t;1,. Thus, if t; < ;41 <--- < iy, then

i+k i+k
—th—tkl/Ht—t (3.6)
oy

The basic properties of the M;’s all follow easily from the fact (already observed in [3]) that
1 o0
Fltir o tivk) = / M;(t) £ ™ (¢) dt (3.7)

for all f € C®) . Tt follows, in particular, that
M;(t) > 0 with equality iff ¢ & (¢;,tirr), (3.8)

and

t;+k
/ Mi(t) dt = M) dt = 1. (3.9)

Note that (3.8) guarantees that ). 7 a;M;(t) is well-defined at every ¢t € R for all a € RZ, since, for
t e[ty tinl,
J
Z aiMi(t) = Z aiMi(t).

ieZ i=j+1-k

For the purposes of this note it is more convenient to work with the spline functions

¢i(t) = WMM (3.10)

= g(tiv1s - tivnst) — g(tis - oo tign—151),

since this normalization gives
> gilt) = 1. (3.11)
ZEZ

To prove (3.11), observe that
0, t> t’-i—k—lu
to oo tivk_1t) = J
g(] Jj+k—1 ) {17 t <ty

since, in either case, g(t;,...,titx—1;t) is the (k — 1)st divided difference of a polynomial in s of degree

< k — 1, this polynomial being p(s) = 0 when ¢ > #; 1, and p(s) = (s — t)*~! when t < t;. Therefore, for
t e [ty tinl,

dooit)= > lgltivr,-- o tivwit) = gtis o tigro1; )]
iel i=j+1-k
=g(tjt1s- s tirrit) — g(tjr1—k, - -1 153 t)
=1.
For later reference, various properties of the ¢;’s are collected in the following

Lemma 3.1. Let m be a k—extended partition of R, and let ¢;(t) be defined on R by (3.10), for all i € Z.
Then
(i) 0 < ¢i(t) <1 forallteR and alli€ Z;

(ii) ¢ ()—Olﬁt%(tz,twk) for all i € Z;
(iti) > ez ¢i(t) = 1;
(iv) |l ZleZ a;ipi||lg < llally for all o € m(Z);



(v) if {r(M}o° | is a sequence of k—extended partitions for R such that

lim £ =t;, j=1i,....i+k,

n—oo

then the corresponding sequence {(;5 )} >, converges uniformly to ¢;, i.e.,

Tim o) = gillg = 0. (3.12)
Proof: (i) and (ii) follow from the corresponding statement (3.8) for the M;’s and from (iii); (iv) is
a consequence of (i) and (iii). This leaves (v).
Since ¢\™ () = 0 for t ¢ ("t Ei)k) and lim,, o t(n) =t; for all j € Z, it is sufficient to prove

Jim 6" = iflr =0 (3.13)

for some finite interval I containing [t;, ;1] in its interior. Now, since g(s;t) = (s — t)’i_l, g and its first
k — 2 partial derivatives with respect to s are jointly continuous in s and ¢ uniformly on I x I. The (k— 1)st
divided difference

9(Siy.. o, SE;t)
is, therefore, jointly continuous in s;, ..., s, t uniformly on
{(s1,-.-y86) €T X+ xT:8<s,—0, s1<83- - <sp}x1I,

for each 6 > 0. But this implies (3.13), since ¢;(¢) is the difference of two (k — 1)st divided differences of
g(s;t) in s, and the 7(™) and 7 are k—extended partitions and lim,, o tg") =tj,j=14,....i + k. Q.E.D.

The main result of this section is the following

Theorem 3.1. Let k > 2, let m = {t;},.7, be a k—extended partition, and let ¢; be defined as in (3.10), for
all © € Z. Then there exists a positive constant Dy, depending on k but not on m, such that

D' < 1nf dist ; (¢4, S;), (3.14)
icl
where
dist ;(¢i, S;) == inf {||gs — > _ ;i - « € m(Z)}, (3.15)
J#i
and the seminorm || - ||; is given by
1fll: = max{|f ()] : tix1 <t <tirx_1}, forall fe CR). (3.16)

Remark. In the light of Section 2, this theorem implies the existence of a dual set {\;}, 7 for {¢:},
such that
|Xif| < Dillfll: < Del fllg  forall f € C(R). (3.17)

The linear projector P, on C(R), given by the rule

Pef=> (Mif)g; forall f € C(R), (3.18)
iel,

has then B” as its range, and satisfies || P, || < Dj. Moreover, since, by (3.17), each \; has its support in the
interval [t;4+1,t;4%k—1], one obtains the pointwise error bound

|f(s) = (Prf)(s)] < Drmax{|f(s) — f(t) : t € [ti—g+2,tiv—1]},

(3.19)
for all s € [t;,tiy1], all i € Z, and all f € C(R),
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for the “local” interpolation scheme P;.
Proof of Theorem 3.1. 1t is sufficient to prove the theorem for a strictly increasing partition 7. For, if =
is not strictly increasing, then one can find a sequence {w(")}j’f:l of strictly increasing partitions such that

lim ") =¢; forallje Z.

By Lemma 3.1(v), one has then
Tim 65" — ¢;]lg = 0

for the corresponding sequence {¢§")};j°:1, for all j € Z. Since on the finite interval [t;+1,%;4k—1], all but

finitely many of the ¢§-n) vanish, one has
lim || Z aj¢§") - Z a;¢;lli =0 forall a € m(Z).
jel, jel,

Hence, for all « € m(Z) and all i € Z,

dist i (6], S™) < 60" = >~ ;0" i = o = D syl
JFi JFi
Therefore, for all i € Z,
Tm dist; (6", S™) < dist ;(¢;, Sy). (3.20)

n—oo

Hence, once a positive constant Dy, has been shown to exist such that for every strictly increasing partition
Dk_l S 1nf dist i(¢iu Si),
3

then, by (3.20), this inequality holds also with the same constant for every k—extended partition.
Hence, assume 7 to be strictly increasing, and let ¢ € Z. For k = 2, there is little to prove. For, then

Iflli = 1f(tira)ls

while by Lemma 3.1,
(bj (ti+1) = 5ij for all_] € 7.
Thus, dist ;(¢;,S;) =1, and Dy = 1 will do.
Assume, therefore, also, k£ > 3. Since ZjeZ ®; =1, one has

H(bl Za](b]H = lnf Hl—zag%ﬂz-

aGm i aem( i

Further, if f(t) =1 — Z#i a;¢;(t), and i +1 <17 < i+ k — 1, then, for suitable 3;, ..., Bx—1, one has

_1+Zﬁj —ti)FY forallt € [ty tqq].

To see this, observe that, by (3.10) and (3.6),

j+h
65(t) = (tyan —t5) Y (tm = )51/ (tm),

m=j
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where
Jtk

w(t) = Tt~ tm).

m=j

But, since (s — t)"! + (=1)F71(t — s)"7! = (s — t)*!, one has also

¢ (t) = (tjrr —j)g(ts, - - s tjrnit)
= (=1 (tjrn = t)g(ti by, ten)
itk
(D) (tjn — ) D (= tm)5 /0 (tm)-

m=j

Hence, if j < i, then, on [t,,t,41], ¢;(¢) can be written as a linear combination of the functions (¢ —
tre)E L (8 —tjgk)R Y, while if § > 4, then, on [t,,t,11], ¢;(t) can be written as a linear combination of
the functions (¢ —¢;)k=1 ... (¢t —t,)* L.

It follows that, for i +1<r <i+k —1,

k—1
dist i(¢i, ;) > iﬂg{fl I+ 85— tie ) et - (3.21)
Be

j=1
In particular, choose r such that also
tj+1_tj§t’r+l_t’r‘7 for]:z+1,,z+k—2

Then, since the right-hand-side of (3,21) is invariant under a change of scale and origin in R, the proof of
the theorem is complete, once the following lemma is proved:

Lemma 3.2. Let I = [—1,1],n > 2. There exists a positive constant C,, depending only on n, such that
Cot <1+ Bi(t—s)"IIs
j=1

whenever (8;) € R" and
$1 <8< < 8§y =—1, 1=5,41 << 8, (3.22)

Sj+1—s8; <2, forj=1,...,n—1 (3.23)

Proof: The argument is based on the fact that
[yl = inf 1+ > B;(t—s;)"llz (3.24)

can be expressed in terms on the s;’s. Explicitly, one has

vl = z: Oin—if (ZL) (3.25)

where the 0;’s are the elementary symmetric functions in the s;’s, i.e.,

n

ﬁ(t +s;) = oit'. (3.26)

j=1 =0



Further, the v;’s are given by

ﬂﬁjzﬁimﬂ, (3.27)
=0

where T;, is the Chebyshev polynomial of degree n.

It follows that ’7_1 is linear in each of the s, hence [original text:] for some constant ¢,, depending only on n,
one has
[y < en max |s;].
J

But then, with (3.23),
7> fen(2n+1)] 7,

so that Cp, = ¢, (2n + 1) will do. [replaced jan73 by the following:] continuous at all points (Si)?zl of R™. |’y*1| is
therefore bounded by some constant C; ! on the bounded subset of R" described by (3.22), (3.23).
It remains to prove (3.25). To this end, observe that the functions

ho(t)

1, hj(t)E(t—Sj)n, j:l,...,n,

form a basis for the linear space IP,, of all polynomials of degree < n. To see this, note that the relation

60 + Z 6j (t — Sj)n = Z/’}/\th (328)
j=1 i=0

is equivalent to

j=1

as one can easily see by comparing the coefficients of like powers of ¢ in (3.28).
On setting ¢t = —s; in (3.26), one finds

oi(—s;)'=0, j=1,...,n,
i=0
hence
> oAn-i/ (7:) =onfo+ Y 0 Y Bi(—s;)
i=0 i=0  j=1

n n

=Bo+ Y B> oi(—=s;)" = Po,

j=1 =0

(3.30)

showing that (3.28) may be solved for §y. As for 3;, j > 1, note that the first n equations in (3.29) involve
only 3;, 7 > 1, and may be solved for these, since their coefficient matrix is the Vandermonde matrix on
the distinct points —s;, j = 1,...,n, and hence nonsingular. This shows that the set {h; : j =0,...,n} is
generating for IP,, hence a basis.

With this, {h;(t) : j = 1,...,n} is easily seen to be a Chebyshev set on I.? For, assume by way of
contradiction that

n
F() =" Bihy(t)
j=1
vanishes at the points r;, ¢ = 1,...,n, with

—-1<rmn<---<r, <1, (3.31)

2 For the definition and basic properties of Chebyshev sets, cf., e.g., [5, Chap.3]
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while not all of the f3;’s are zero. Then, since by the above, {h;(t) : j =1,...,n} is linearly independent on
I, f(t) is not identically zero. It is, therefore, no loss to assume that

> Bini) = [[t—r) =D At
j=1 i=0

=1

which implies, with (3.28) and (3.30), that

> 0/ <7Z) = 0. (3.32)
i=0
But this is impossible. For
S 0/ <’Z> = ) S T - )
i=0 T oi=1

where the summation on the right is taken over all permutations 7 of degree n. Because of (3.22) and (3.31),
all terms in that sum are seen to have the same sign and, since n > 2 and the r;’s are distinct, not all terms

are zero. Hence .
N n
ZUi’Yni/< ) #0,
i=0 v

contradicting (3.32).

It follows that if e(t) = 1+ 3°7_, B;(t — ;)™ is the error in the best approximation —>>7_, B;h; to
ho with respect to the norm || - || then e(t) must alternate at least n + 1 times on I. Since e € IP,, e is,
therefore, necessarily of the form

e(t) = FYTn(t)a
and (3.25) follows from (3.28) and (3.30). Q.E.D.

Corollary 1. The linear map ® given by

da = Z a;¢;, for all a € m(Z),
icZ
is a linear homeomorphism from m(Z) to its range. Hence, its range coincides with B¥, and B is a closed

linear subspace of C(R).

Proof: Let o € m(Z). Then, for all i € Z such that a; # 0, one has

1> adillR = lailllgs — > _(—aj/ai)ir
ieZ i (3.33)

2 |Oéi|diSti(¢i,Si) 2 |Oéi|D]:1.
Hence
|®allp > [lellzD; " for all a € m(Z), (3.34)

showing that ® is bounded below, hence boundedly invertible on its range. Since also, by Lemma 3.1,
[Palg < llally forall a € m(Z), (3.35)

the first assertion follows.
By (3.35), the range of ® is contained in C'(R), hence in BE. Further, by [4; Theorem 5|, each p € S*
is of the form
p= Z a;¢;, for some a € RZ.

icZ
But then, by (3.33), p € B implies a € m(Z), or, p is contained in the range of ®. It follows that the range
of ® coincides with B, hence, in particular, that B is closed. Q.E.D.
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Corollary 2. There exists a linear projector P, on C(R) with range BX such that
(i) [ Prll < Dg;

(i) 1£(5) — (Pof)(s)| < Dy ma{|f(s) = F()] : tipo <1< tiar),
for all s € [ti,tiy1], alli € Z, and all f € C(R).

Proof: Let ¢ € Z. By Theorem 3.1,
dist (¢, S;) = inf {[|¢s — Y aj;lli : 0 € m(Z)} > Dt > 0.
J#i
Hence, by a corollary to the Hahn—Banach theorem, there exists a linear functional A\; on C(R) such that
Aip; =6 forall j € Z,

(3.36)
IXif| < Dillflli forall f € C(R).

With this, the rule

Pef =Y (Aif)¢i, forall f € C(R), (3.37)
iel

defines a linear projector on C(R) whose range is BY, by Corollary 1. Further, its norm is < Dy, since

[ Prfllg < sup [Aif| < sup Dyl flli < Dkl flg-
To prove (ii), let f € C(R), s € R. Then
F(5) = (P1)(s) = [(s) = D_(Xif)di(s)
jeZ
=D N(f(s) - 1= Fes(s),
je€L

since 1 =3, 7 ¢; € Bk, therefore 1 = Py (1) = > ez Ni(1)¢;. Hence, for i € Z, s € [ti, tiya],

()= (PHGI=] D N(F(s)- 1= F)ey(s)]

j=it1—k
< max{[;(f(s) -1 - f)l:i+1-k<j<i}
< Dpmax{|[f(s)- 1= fll;:i+1-k<j<i}
= Dpmax{|f(s) = ()] : tivo—r <t < tic14n},

using (3.36) and the definition (3.16) of || - ||;. Q.E.D.

4. SPLINE APPROXIMATION ON A FINITE INTERVAL

The interpolation scheme P~ introduced in the previous section for a k-extended partition @ = {t;},.7
of R is “local” in the sense that, on [to, t,], P~f depends only on the values of f in the interval [ta—, tn—2k];
this follows directly from (ii) of Corollary 2. In particular, if 7 is such that

ok =t3_p=---=to=a, b=t,=tpt1 =" tnyrr—2,

then P~f on I = [a,b] depends only on the values of f on I. Hence, by the simple device of restricting
attention to the interval I, P~ becomes a linear projector P; on C(I) with range the set of extended

polynomial splines S* of degree k — 1 on the restriction
mra=tg<t1 <t < - <tp1<t,=0
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of 7 to I. Since the bounds for P~ derived in the previous section are also valid for Py, one obtains, finally,
the results announced in the introduction.
To make these statements precise, define for I = [a, ] the restriction map from C(R) to C(I) by the

rule
(Rrz)(t) = z(t), foralltel, x € C(R). (4.1)
R; is a norm-reducing linear map, having the extension map F7y,
z(a), t < a,
(Erz)(t) =1 z(t), a<t<b, forallze C(I), (4.2)
z(b), b < t,

as a norm—preserving right inverse.
Call m = {t;}, a k — extended partition for I, provided

a=tg<t1 < <th 1 <tp,=0b
(4.3)
ti < tivk—1 for all 7.

As before, let d; denote the frequency with which the number ¢; appears in 7. Then define the set S* of all
polynomial extended splines of degree k — 1 on 7 as the set of all real-valued functions on I which, on each
of the intervals [t;,t;4+1], ¢ = 0,...,n — 1, reduce to a polynomial of degree < k — 1, and have k — 1 — d;
continuous derivatives in a neighborhood of t;, ¢ =1,...,n — 1.

Lemma 4.1. Let I = [a,b] be some finite interval, m = {t;}I", a k—extended partition for I, and extend 7
in any way whatsoever to a k—extended partition 7 = {t;},.7 of R, subject only to the restriction

b= { b n ng; 2§§nj—i-§k0—’ 2. (4.4)
If P is a linear projector on C(R) with range B;T’i, then
P = R;PE; (4.5)
is a linear projector on C(I) with range S, satisfying ||P|| < ||P|.
Proof: Since the numbers tg, t,, each appear in 7 k — 1 times, every p € B need only be continuous

at to and t,. It follows that E; maps S* into BS. Hence, as P is the identity on its range, Bf, it follows
that, for p € Sk,

Pp = (R PE;)p = RiP(Ep) = Ri(Erp) = (R1E1)p = p,
or, P is the identity on S*. But, since R; maps the range Bf of P to Sk the range of P must be contained
in S*. Hence, the range of P is S¥, and P is the identity on its range, i.e., P is a linear projector. Finally

1Pl < B PN Er]l = (1Pl Q.E.D.

In particular, Pr = RrP>Ej is a linear projector on C(I) with range Sk where P~ is as described in
Corollary 2 to Theorem 3.1. This gives

Theorem 4.1. There exists a positive constant Dy, depending only on k, with the property: For all k—
extended partitions 7 of I = [a,b], there exists a linear projector P, on C(I) with range S* such that
(i) || Pr|l < Dx

(i) [f(s) = (P f)(s)| < Dpmax{[f(s) — f()] : t € [ti-rt2, tiru-1]},
for all s € [ti,t;41] and all f € C(I),
wheret; =a,j <0, t; =b,j > n.

Proof: Since RyFE; is the identity, one has, with P, = RIP;EI,
f(8) = (Prf)(s) = (E1f)(s) — [Pr(Erf)](s), alls€ a,b];

hence, (ii) follows from Corollary 2 to Theorem 3.1.
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Corollary 1. For all f € C(I),
If = Prfllr < Di(k = Dw(f; |7])-

Proof: This is a consequence of (ii) of the preceding theorem.
Denote P, by P, to emphasize dependence on k.

Corollary 2. The preceding estimate can be improved for smooth f:
(i) |f = Prflli < DyDy—y ... Di—pla"w(f 05 |m)),
forall f € CONI),r =1,...,k—1,
with Dy, = Di(k —1) for k > 2, and Dy = %

Hence,

(ii) |f — PEfll; = O(|n|*) for all f € Lip{* (1),

where, as usual, Lipgkfl)(I) consists of all f € C*=1(I) with f*~V satisfying a Lipschitz condition (with
exponent 1) on I.

Proof by induction on k. Consider k = 2. Then P¥ is broken line interpolation, i.e.,
ti+1 —1 t— t’L
(sz)(t):f(ti)ﬁ‘i‘f(tiﬂ)t e
i+l — b i+l — b
Assume, without loss in generality, that ¢t — ¢; < %(tl‘+1 —t;). Then, with f € C)(I),

£0) (P20 = [ f(s)das - L) 2T
t; i+1 1
= ()~ Pt 1),

for some n, £ € (t;,ti+1), from which (i) follows for this case.
As for the general case, observe that

te [ti, ti+1].

(t—t;)

SEt={p :pe Sk},
unless 7 contains points repeated & — 1 times, in which case, neither side is defined. But as 7 is a k-
extended partition on I, I may be subdivided into finitely many subintervals I; = [a;, ai41], ¢ = 1,...,7,
with a = a; < az < -+- < ar41 = b, such that {a; : i = 2,...,7} coincides with the set of points in = which
are repeated k — 1 times. If 7; denotes the restriction of 7 to I;, then m; is a (k — 1)—extended partition of

I;, and Lemma 4.1 shows that
PF = Ry P~E;, = R, P}Ey,,
hence
F@&) = (PEN() = f(t) = (L f)(t), forallte I
It is, therefore, sufficient to prove the Corollary under the assumption that 7 is a (k — 1)—extended
partition, in which case

Sit=1{:pes}
Assume the corollary proved for k& — 1. One has for all g € S*,
If = PEFlle = I(f = 9) = PE(f = 9)ll1 < Dyw(f = g3 |x]) < Dilall|f = ¢'ll1-
Hence, as S¥~1 = {¢' : g € S¥}, one gets
ILf = PE£llz < Dyl dist (1, 557).
But as
dist (f, 8571 < |1 = Pr = f'llr,
all statements of the corollary for £ follow from their assumed correctness for k — 1. Q.E.D.

Remark. The statement in [2] to the effect that “f € Lipgkfl)(l )” in (ii) of the preceding corollary can
be weakened to “f € C*~1(I) and f*~1 is of bounded variation” is incorrect, as an examination of the
simple case k = 2 quickly shows. The converse of (ii) will be considered in a subsequent note.
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5. REMARKS ON ESTIMATING Dy,

As has just been pointed out, P? is broken line interpolation, i.e., the linear functionals ); are just point
functionals,

)\1f = f(tiJrl) for all 3.
For the case k = 3 of approximation by parabolic splines one may choose

Aif = —% [f(ti—i-l) —4f (W) + f(fi+2)]7

giving
[IAi]| < D3 =3 foralli,

with strict inequality iff ¢;11 = t;42.

Already for k = 4, the \;’s become quite complicated, if one insists on choosing them as linear combi-
nations of point functionals.

In view of Theorem 3.1 and Lemma 3.2, \; may be constructed in general as follows. Choose r = r(%)
such that J, = [t,, t,+1] is a largest among the intervals J;, j =i+ 1,...,i+k — 2. Let

t. = sg < 81 <-'-<Sk_1=tr+1
be the extremal points of the Chebyshev polynomial Tj,_; of degree k — 1 adjusted to the interval J,. Define

C(al, ceey ak_l) = det((am - ti-i-n)k_l)kil

n,m=1>

and set

R k—1

Aif = (~1)"Buf(sm) forall f,

m=0
ﬁm :0(807817"'7Sm—17sm+17"'78k—1)7 m=0,...,k—1.
Then R
N(t—t)F =0, j=i+1,...;i+k—1,

hence

Therefore, with

one has
inf [|g; — > vills, >INl
JF#i

The argument in Lemma 3.2 merely shows that || ;|| can be computed as

Xl = (AT -
This is so since C'(aq,...,ar—1) is a continuous function of the a;’s and is, by the argument in Lemma 3.2,
not zero for t, <oy <ag--- <ag-1 <tpy1. The By, m=0,...,k—1, are therefore all of one sign. Hence,
as Ty_1 alternates on the points s,,, m =0,...,k — 1, one has

k—1
NiTkoa] = D [Bml/Xa(1)] = [Nl
m=0

One computes Dy to be < 15 and D5 < 100. But it should be clear on examining closely the arguments
in this note that the linear projectors P¥ are probably far from being minimal in norm for the range S¥.
The chief reason for this is the fact that the distance of ¢; from the linear span of the remaining ¢;’s was
measured only on some “small” interval rather than with respect to the norm on C(I).
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