STABILITY OF INTERPOLATING ELASTICA

MicHAEL GOLOMB

University of Wisconsin - Madison Mathematics Research Center

ABSTRACT. Interpolating elastica are the extremals for the functional fos k2 (s)ds, which is the
integral of the square of the curvature with respect to arc length, in the family of plane curves
that interpolate at (not prescribed) arc lengths sp < s1 < --+ < sy, a prescribed configuration
of points pg,p1,... ,pn. If at one or both terminals the slope is prescribed, the extremal is
said to be angle-constrained, otherwise free. The curvature functional represents the elastic
strain energy of a thin elastic beam of indefinite length with sleeve supports anchored at
P0,P1,--- ,Pn, which allow the beam to slide through without friction and to rotate freely
(except at the end supports if angle-constrained). The interpolating elastica are also known
as nonlinear spline curves. It is known that the infimum of the strain energy is 0 in all
cases, hence cannot be attained if the points pg, p1,... ,pn do not lie on a ray. On the other
hand, interpolating elastica are known to exist for a variety of configurations, and this report
investigates whether these extremals make the strain energy a local minimum or not (i.e.,
whether they are “stable” or “unstable”). Several general stability criteria are established
and they are used to decide the stability of some specific elastica.

SIGNIFICANCE AND EXPLANATION

It is an old technique of draftsmen to use a mechanical spline to pass a smooth curve
through a prescribed set of points in a plane. Curves which are obtained in this way (inter-
polating elastica, also called non-linear spline curves) may be considered as the equilibrium
positions of thin elastic beams which are constrained to pass through short, frictionless,
freely rotating sleeve supports, anchored at the interpolation points. The strain energy
of such a beam is given by the integral of the square of the curvature with respect to arc
length, and equilibrium requires that the position be such that the energy be minimal
for the given interpolation conditions. However, a global minimum cannot be attained
(except in the trivial case of the unbent beam) since the energy can be made arbitrarily
small by using sufficiently large loops between the supports. Instead one looks for local
minima which guarantee stability against small perturbations. In this report some general
stability criteria are established and some specific interpolating elastica are investigated
for stability. Except for a few previous isolated observations these seem to be the first
proven results on the stability of interpolating elastica.

[The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.]
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2 STABILITY OF INTERPOLATING ELASTICA
1. Introduction

Elastica are the plane curves with “normal representation” s — 6(s) (s denotes arc
length and 6(s) the angle of inclination at s) which are solutions of the differential equation

(0'(s))? = \[sin(0 — 6;) — af

(1.1) %

where A, 01 and « are real constants (see, e.g. [1, Article 263]). (1.1) is the Euler equation
for the variational problem

(1.2) 5/ 0’2:0,/ cos@zb,/ sinf =d
0 0 0

where §,b,d are prescribed (see above reference or [2, Prop. 3.2]). The integral / 0>

S

represents (with the proper choice of unit) the strain energy of a thin elastic beaom of
uniform cross section of length 35, and the side conditions in (1.2) specify the relative
position of the ends of the bent beam.

The elastica described by (1.1), when considered for all values of s, have infinitely many
inflection points, 6 (s) = 0 when sin(@(s) — 61) = a, and are therefore called inflectional
elastica (see [1, loc cit.]). Below we will consider only elastica for which a = 0; geometri-
cally speaking, these are curves for which the variation of 6 between consecutive inflection
points is 7. We refer to them as simple elastica. All the simple elastica are obtained from
a particular one by similarity transformations.

The interpolating elastica (so named by M. A. Malcolm in [3]) consist of finitely
many subarcs of the simple elastica, fitted together so that a smooth curve with continuous
curvature results which has jump discontinuities of the derivative of the curvature only at
the “knots” pi1,...,pn—1. Such an interpolating elastica E' with normal representation 6
is the solution of the variational problem

(1.3) (5/ 9’220,/ Cosﬁzbi,/ sinf=d; (i=1,...,n)
S0 Si—1 Si—1

(3

where the b;,d; are prescribed (they are the coordinates of the vector p; — p;_1, but the
arc lengths s < 51 < --- < s, of the terminals pg, p, and of the knots py,... ,p,_1 are
varied (see [2, loc. cit.] or [3, Sec. 21]). If the ends po,p; are “free” then the natural
boundary conditions

(1.3a) 6'(0)=0, 6(s,)=0

are appended to (1.3). Frequently we shall be concerned with “angle-constrained” inter-
polating elastica; in this case we are given

(1.3b) 0(0) =, 0(sn) = 5.

The solutions of (1.3), (1.3a) represent possible equilibrium positions (stable or not) of
a thin elastic beam of indefinite length which is constrained to pass through frictionless
freely rotating small sleeves anchored at the positions pg,pi1,...,pn. If the sleeves at
the terminals pg, p,, are pinned then (1.3b) replaces (1.3a). The interpolating elastica are
a reasonable mathematical model for the mechanical spline used by draftsmen to pass
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a smooth curve through the given points pg,p1,...,pn. They are also called nonlinear
(interpolating) splines (see, e.g., [4]) and were referred to as extremal interpolants for
the configuration {pg,p1,...,pn} in [2]. We still will refer to them by this name in the
sequel.

The solutions of (1.3) are definitely not absolute minima, except in the trivial case

where po,p1,...,pn lie (in this order) along a ray (and moreover, &« = = 0 in case of
Sn

end conditions (1.3b)). This was first pointed out by the authors of [5]. / 0’ can be

0
made arbitrarily small by using large interpolating circular loops. The solutions are often
referred to as local minima, although no proofs are given that they are indeed extrema
of this kind. Only in [2, Theorem 6.1] was it proved that the nontrivial simple elastica

S1
interpolating 2 points are nonstable, i.e., they do not represent local minima of / 0. Tt
S0
is the objective of this paper to establish, for several known extremal interpolants, whether

they are local minima or not (stable or unstable).

The fact that the extremal interpolants do not represent minima nor, in general, local
minima of the functional / 9" is, probably, the major reason for the lack of general

existence results and of good computational procedures. For an existence proof limited to
length-restricted extremals, see [6]. In [7, Theorem 3] it is proved that if there is a length-
restricted extremal of “unstable length”, there is also an interpolating local minimum,
but no nontrivial length-restricted extremal of unstable length is presented. Existence
of length-prescribed extremals and of unrestricted extremal interpolants close to a ray
interpolant is proved in [2, Appendix and Theorem 7.4], where also many examples of
specific interpolants are given, which were not known before. For a survey of old and
new computational procedures, see [3]. In the discussion of stability (that is, whether the
extremals are local minima or not) we naturally restrict ourselves to cases where existence
of extremal interpolants has been proved or is postulated.

In Section 2 the variational equations for interpolating splines in normal representation
are derived, without recourse to Lagrange multiplier theory, and as a preparation for
the computation of the second variation. In Section 3 the second variation is used for
stability criteria (Jacobi’s condition): an explicitly given quadratic functional must be
positive-definite, or equivalently, a nonconventional linear second-order boundary value
problem must have only positive eigenvalues. In Section 4 it is proved that interpolating
splines close (in a precise sense) to stable ones are stable and those close to strongly
unstable ones are unstable. This result is then used to prove that splines that interpolate
configurations close to a ray configuration (whose existence was proved in [2]) are stable
(even in the case of free terminals). This is probably the first general existence proof for
locally minimizing interpolants which are not length-restricted. In Section 5 it is proved
that the extremal 2-point interpolant consisting of n > 1 complete loops of the simple
elastica is unstable even if angle-constrained (in [2] the instability was proved for the free
elastica). If the angle-constrained 2-point interpolants is a proper subarc of one loop of the
simple elastica (hence has no inflection point) then it is stable, and any angle-constrained
2-point interpolant that contains one complete loop of the simple elastica is unstable. The
proof for these last results is contained in Section 6; it is built mainly on the discovery of
the eigenfunction belonging to the eigenvalue 0 for the second variational equation that
goes with the one-loop angle-constrained simple elastica. By an extension of this method it
is proved in Section 7 that if an angle-constrained interpolant contains an interior inflection
point then it is stable if it contains neither the left nor the right “stability focus”. These
are points on the simple elastica which are situated symmetrically with respect to the
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inflection point, not far from the neighboring inflection points. If the angle-constrained
2-point interpolant with one inflection point contains both stability foci it is unstable. The
general result on the stability of such 2-point interpolants is stated with the use of what
we call “conjugate points”. If p is a point on a simple elastica arc containing one inflection
point there is a conjugate point p, defined by a transcendental equation, and it is also
given a geometric interpretation (p and p, are on opposite sides of the inflection point; if
p is a stability focus then p, is the other stability focus). The angle-constrained elastica
is stable if and only if it contains no pair of conjugate points. If the 2-point extremal
interpolant is free at one end and angle-constrained at the other end, then it is stable if
and only if it contains no stability focus. Section 8 contains the most important stability
results. It is first proved that a necessary condition for the stability of extremal N-point
interpolants is that each arc between consecutive nodes be “proper”, i.e., internal arcs do
not contain a pair of conjugate points, and the terminal arcs do not contain a stability
focus. Then a computable “stability function” of (N — 2) real variables is defined for the
extremal N-point interpolant under investigation, which has a critical value at the point
that corresponds to the extremal. It is proved that the extremal is stable if and only if
the critical value is a local minimum. These results are applied to decide the stability of
some 3-point and 4-point extremal interpolants. In this connection it is also shown that
the often repeated claim (first appearing in [5]) that a certain 4 -point configuration has
no interpolating elastica is false. In the last section we show that the closed extremals
which interpolate the vertices of a regular n-gon (n # 3) (their existence is proved in [2,
Sec. 8|) are stable.

2. The Euler-Lagrange conditions for the interpolating spline in normal representation

Let s — 6(s), 0 < s <3 be the normal representation of an admissible interpolant C
for the configuration {po,p1,...,pn}. Here s denotes the arc length along the curve C
and 6(s) the angle that C' makes at arc length s with a reference line. The interpolation
conditions are

Si Sq
(2.1) / cosf(s)ds = b, / sinf(s)ds =d;, i=1,...,n
Si—1 Si—1
where b;,d; are given numbers, and the nodes 0 = s5g < 51 < --- < s, = § are the arc
lengths at which C passes through the interpolation points pg, p1,... ,pn (S1,..., 8, vary

with C'). We assume b? +d? > 0, hence p; 1 #p; (i =1,...,n).
Much of the paper deals with angle-constrained interpolants, in which case the angles

(2.2) 000)=a, 0() =40

are prescribed. If #(0) and/or 6(3) is not prescribed the corresponding terminal of C' is
said to be free, and the corresponding natural end conditions for an extremal interpolant
turn out to be

(2.3) 0(0)=0, 0(3) =0

The functional which is made stationary by an extremal interpolant E is the potential
energy (or curvature functional)

(2.4) /08[9’(8)]2~
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The comparison functions are taken from the Sobolev space Wi o = W7 5[0, S| of functions
6 : [0, 5] — R, which are absolutely continuous and have derivatives 6’ in L2[0, S] with norm
1/2

s
< / (6% + 9'2) . S is a prescribed positive number large enough so that the functions
0

in W o satisfying conditions (2.1) and (2.2) (if imposed) form a subset with nonempty
interior. In this paper we do not deal with the existence of extremal interpolants, but we
start with a known extremal Fj and investigate whether it is stable or not. In this case,
we may take S =35+ d where s is the length of Ey and ¢ is an arbitrary positive number.

Let s — 6y(s) be the normal representation of Fp and 0 = 59 < 81 < -+- < 8, = §
the interpolation nodes. For fixed real numbers 7, ... , 7, and fixed functions 7, £ in W 2,
which we assume to have piecewise continuous derivatives with jumps only at s1,... ,s,_1,
consider the family of comparison curves C., given parametrically by

0.(t) = Oo(t) +en(t) + %(t), 0<t<3

se(t) = (I4etj)(sj —sj—1) + (L +em)(t —si—1), sim1 <t<s;

where 0.(t), s.(t) denote the angle of inclination and the arc length of C; at t. If ¢ € R
is sufficiently small then C. is in a prescribed neighborhood of Ey. The interpolation
conditions (2.1) require

(2.6) (1+ 573)/ cosO.(t)dt =b;, (1+ 573)/ sinf.(t)dt =d;, i=1,...,n.
Si—1 Sq

i —1

For definiteness, we assume d; # 0 (i = 1,... ,n). Then equating terms in ! in (2.6)
gives
1 [
(2.7a) T = ——/ (cosby)n
di Si—1
(2.7b) / (b; cos By + d; sinfy)n = 0,
Si—1

and equating terms in 2 gives

20,77 + / (n? cos O + 2¢sinfy) = 0

1—1

(2.7¢) 2di7'i2 i / (772 sinfy — 2 cos ) =0
Si—1

1=1,...,n.

The value of the potential energy for the curve C; is

(2.8) U(s):/os {z%—g;rs’g(t)dt:i(1+5n)_1/j 92

€ i=1 i1
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Set

(29) U; = / ‘9(/)2, Uo = Zuz
Si—1 i=1

Expand (2.8) in powers of ¢, using (2.5):

2/ 9677’+ZTZ-UZ-]

0 i=1
S n Si n s
2/ 365’—227i/ 9677’+Zﬂ-2ui+/ 0"’
0 i=1 VSi-1 i=1 0

Since U is a stationary value of the potential energy, we must have, using (2.7a),

Z/ (2647’ -l- — cos 6on) =0

and this must be true for every n for which (2.7b) holds and for which
(2.7d) n(0) =0 and/or n(s) =0

UE)=Uy+e¢

(2.10)
+0(£%).

if Fy is angle-constrained. From this one infers, by usual arguments of the calculus of
variations (carried out in detail in [2]), that 6] is continuous, € is continuous between
consecutive interpolation nodes, and there exist constants A; € R such that

20 (8)—Nid; sin b (s) — (Z— + )\ibi) cosfy(s) = 0,

Sii1<s<s;, t=1,...,n

(2.12)

Moreover, conditions (2.3) must hold for g if the terminals are free.
Integration of (2.12) gives

962(8) + A\;d; cos 90(8) — (% + )\zbz) sin 00(3) = 51

and another integration from s; 1 to s; shows that §; = 0. Thus,

2.14 0% (s + A cosby(s) + A2sinby(s) =0, s <s <s, t=1,...,n
0 7 7

where we have set

(2.14) A= Ndi, A2 =\ — Z—

To determine the multipliers A}, A? we use the fact that 6y and 6}, are continuous, hence
(2.15) (Alpr — Al) cosbo(si) + (A7 — AF) sinfo(s;) =0, i=1,...,n—1.

Conditions (2.15) together with the interpolation conditions (2.1) and end conditions
00(0) = « (or 63(0) = 0), 6p(s) = B (or §,(s) = 0), are 3n + 1 independent condi-
tions for the 3n + 1 unknowns A}, A2 s; (i = 1,...,n) and 6y(0), which together with the
differential equation (2.13) determine the interpolating elastica 6y. There may be many
solutions of these equations, as shown in [2], but the distinct solutions are isolated.

The assumption d; # 0 (i = 1,...,n) was made only to avoid case splitting. The
obtained result remains true as long as b2 +d? >0 fori=1,... ,n.
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3. Stability Criteria

We now look at the quadratic terms in the expansion (2.10) for the potential energy:
5
/ —227}/ 917'+ZT u1+2/ 0,8,
0

T = ——/ (COS 00)77 = _/ (Sin 00)?77 Ui = / 062
di Si—1 bz Si_1 Si—1

(3.1)

Using(2.7¢), (2.12), (2.13) and (2.14), we can eliminate ¢ in (3.1):
Si Sq S1
5 / e — 20, =2 / o

1 e

= _/\de/ (sin 90)5 — <% + )\zbz> / (COS 00)5

1o ; 1o
(3.2) = \id; [5/ (cosOo)n* + b7 | — (Z— + )\ibi) [5/ (sinfg)n? + d;7?
Si—1 ? Si—1

Thus, since (65€)(s; — 0) = (64€) (s +0) and (646)(0) = (65€)(5) =

/0005_——/ 0% — ZTUZ

and (3.1) becomes

(3.3) / -2 ZTZ/ 6on / 9’2772.
0
We introduce the subspace V (6y) of W 2[0,3]:

(3.4) V(b)) = {n € W1 2[0,5] : / (bicosby+d;sinfy)n=0fori=1,...,n;
Si—1
n(0) = 0 and/or n(s) = 0 if Ey is angle-constrained at the corresponding terminal}.

and the quadratic form Q(6p, -) with domain Vj:

Sq

35 Qan = [ 0" = 5ot 2> d [ eoston [ o
i=1

Si—1 Si—1

It is understood that the factor d;* / (cosBy)n is replaced by —b;* / (sinfy)n if
d; = 0. If Q(0p,n) < 0 for some n # 0 then the stationary value Uy is not a strict
local minimum of the potential energy, i.e., the extremal interpolant Ej is not stable. If
Q(0o,m) > 0 for each n # 0 then the potential energy is larger than Uy for every admissible
interpolant 6 # 6y in some W 5[0, S] neighborhood of 6y (not only for those of the form
(2.5)), hence Uy is a strict local minimum and Ej is a stable extremal. We have obtained
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Proposition 3.1. The possibly angle-constrained extremal interpolant Ey with the normal

representation s — 6g(s), interpolation nodes 0 = sog < --- < s, = 5, and interpolation
Si S4

data / cosfy = b;, / sinfy = d;, is stable if and only if the quadratic form (3.5)
Si—1 Si—1

with domain (3.4) is positive definite, i.e., Q(0y,n) > 0 for every n # 0.

Set now
5

(3.6) Q. = inf{Q(0,n) : n € Vo and /0 =1},

S S

Clearly Q. > —o0. Also 17’2 is bounded for n € V(6y), / =1, Q(6,n) < Q. + 1.

0 0
By familiar arguments it follows that the continuous form @ attains the value @, for some

N € Vo(0o), / n? = 1. The Euler equation for 7, is:
0

S

1 8
W)+ 506" ()~ d ([ )y costuls) ([ costom ()

+ pi[bi cosOy(s) + d; sin by (s)] + pxne(s) =0,

si1<s<s;, i=1,...,n; n. continuous.

The multipliers p; € R result from the side conditions / (b; cos Oy + d; siny)n = 0, and
Si—1

1y € R from the condition / n? = 1. Tt should be understood that d; 1 cos @y in the two
0
integral terms of (3.7a) is replaced by —b; *sin @y if d; = 0. (3.7a) is supplemented by the

conditions of (3.4)

(3.7b) / (b;cos Oy + d;sinfg)n, =0, i=1,...,n,
Si—1
and
(3.7¢) n(0)=0o0rn,(0)=0 and 7.(5)=0 or 7n.(5)=0
depending on whether 6, is angle-constrained or free. Besides we have the conditions
S; Sit1
(3.7d) 05 (s:) di_I/ cos 0,1, — d;J:l/ cosbon.| =0, i=1,... ., n—1
Si—1 Sq
resulting from the fact that the coefficient of 1" in (3.5) is discontinuous. If 6((s;) # 0 for
the internal nodes s1,... ,s,-1 then (3.7d) combined with (3.7c) requires:
(3.8) d;l/ cos O, = —bi_l/ sin 6yn, = constant for i =1,... ,n.

The multipliers p; can be eliminated from (3.7a). We integrate (3.7a) over the interval
(si—1,8;) and obtain:

2 /s, .
(3.9) . o

+d; N (0 (si-1) — 96(30)/ cos Ogmy — ,u*/ M-

71— i—1

1 Si Sq
pi(b7 +d7) =nl(s;i — 1) —n(s;) — —/ 04 e + bidz‘l/ 007,
Si—1 Si—1
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With (3.9) substituted in (3.7a), we obtain the equation

(5) 5007 5) Bi(m.) cos Bo(s) + 8iCr.) sin Bo(s) + () =0,

$i1<s<s;, 1=1,...,n

(3.10)

where the §; and §; are well-defined linear functionals, depending only on 6y. (3.10)
together with (3.7b, ¢, d) is a nonconventional linear boundary-value problem for 7,, i,
being the eigenvalue. Introduce the linear operator R with domain D(R) of functions
n:[0,3] — R, with ' continuous on [0,3], n” continuous on each [s;_1, s;] and 7 satisfying

conditions (3.7 b, ¢, d), defined by:

(Rm)(s) = 1" ()~ 306 (s)n(s) — uln) cos () — 6x(r) sin B s),

si_lgsgsi, izl,...,n

(3.11)

Then the above eigenvalue problem may be stated as:

(3.12) Rn = un.
A simple calculation shows that if / n* =1 then
0

(3.13) p= /OSan = Q(00,n).

Therefore, . = Q(0o,nx) is the smallest eigenvalue of R.
We conclude that the form @) is positive definite if and only if pu, > 0, or equivalently,
all the eigenvalues of R are positive. We have obtained

Proposition 3.2. The extremal interpolant Ey is stable if and only if the operator R
defined above has only positive eigenvalues.

The following proposition provides a useful sufficient condition for instability of inter-
polating elastica.

Proposition 3.3. Suppose Ey with normal representation s — 6p(s) (s1 < s < sp) i
an angle-constrained extremal interpolant for some configuration {p1,pa2,... ,pn}. Suppose
E is another extremal interpolant (angle-constrained or free), with normal representation
s 0(s) (so <5< Spt1,80 < S1,8041 = Sp), where 6 is an extension of Oy with no
additional knot; thus 0" is continuous at s1(sn) if sSo < s1 (Sp+1 > Sn). Then E is also
unstable.

Proof. The extremal E, which interpolates the configuration {po,p2,... ,Pn—1,Pn+1} can
also be considered as an extremal E which interpolates the configuration with pi(p,)
inserted between py and pa (pn_1 and p,y1) if so < 81 (841 > sn). Let 0 denote 6 in this
identification. Since Ej is unstable there exists, by Proposition 3.1, ng € V(6y) such that
Q(0p,n0) < 0. In particular, n9(s1) = no(sn) = 0. Let 77 be defined as an extension of 7q:

7(s) =no(s), s1<s<s,

3.14
( ) =0, so<s<s;ands, <s< Spq1.

It is easily checked that 77 € Vg (0) and Q(0,7) = Q(by, 770)_§ 0. It follows, again by Propo-
sition 3.1, that F is unstable. Since E is obtained from E by the removal of constraints,
F is unstable. [

Let Ey of Proposition 3.3 be angle-constrained at one terminal only, say at p,. For this
case we have the
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Corollary. If the unstable extremal of Proposition 3.3 is angle-constrained only at p,, and
0 is an extension of Oy to sg < s < Sspy1 with 8" continuous at s, then E is unstable.

The proof of this is an obvious modification of that for Proposition 3.3.
Another useful sufficient condition is expressed in the following

Proposition 3.4. Suppose E is an interpolating elastica angle-constrained at none, one,
or both terminals and E; is a subarc between consecutive nodes of E. If E;, considered as a
2-point extremal interpolant which is angle-constrained at the terminals which are internal
nodes of E, is unstable then E is.

Proof. Suppose s — 0(s) (0 < s < 3§) is the normal representation of E and s —
0:(s) (si—1 < s <s;) is the restriction of § which represents E;. Since E; is unstable there
exists n; € Vo(0;), mn; # 0, such that Q(6;,n;) < 0. In particular, 7;(s;—1) = 0 and/or
ni(si) = 0if i > 2 and/or i« < n — 1. The extension n; with value 0 on [0,s;_1) (if i > 2)
and on (s;,38] (if ¢ <n — 1) is continuous, and clearly n € V4(0), Q(6,n) = Q(0;,1m;) <O0.
Hence F is unstable. [

4. Extremals close to stable ones

If Ey is an extremal interpolant of some configuration {po,p1,...,pn}, s — 6o(s),
0 < s < &, is its normal representation, and 0 = 5o < s1 < -+ < s, = § are its
interpolation nodes, then ¢ s 6y(st) = y(t), 0 < t < 1, is the normal representation of an
extremal interpolant Ep for the configuration {po/3,p1/S,...,pn/S}, with interpolation
nodes 0 = tp < t1 < --- < t, = 1, t; = s;[5. If the terminals of EO are free or angle-
constrained, so are those of Ej. Clearly, Ej is stable if and only if Ey is. In the following
we will often use the standardized normal representation of elastica.

Let F; denote the metric space of functions 6 : [0,1] — R, for which there are real
numbers a = a(f), f = B(0) such that the equations

%0’2(15) = asinf(t) — B cosO(t)
0'(t) = acosO(t) + Bsinf(t), 0<t<1,

(4.1)

hold with the distance functional d;(6;,62) = maxg<i<1 |61(t) — 62(t)|. For the proof of
the proposition below we will use the following

Lemma. The functionals o, B from Fi to R are continuous.

1
Proof. First, a(#), 8(0) are uniquely defined, for if (4.1) and also 59'2 = o1 8inf — 31 cos b,

0" = ay cos 0+ 1 sin @ hold, then 0 = (a—aq) sinf(t) —(8—LF1) cos 0(t) = (a—aq) cos O(t)+
(8 — B1)sinf(t), hence « = ay and 8 = f;. Clearly, (4.1) is equivalent to

(4.2) 0(t) — (1 — 1)0(0) — t0(1) = /O g(t, 7 [cvcos 6(r) + Bsin 6(7)] dr,

where
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1
The uniqueness of a, 8 in (4.2) implies that the continuous functions x = / g(-,7)cosb(T)dr,
0

1
y = / g(+,7)sin@(7)dr are linearly independent. Therefore, the Gramian [ 2 [ y?

0
([ zy)? is # 0. Thus, if (4.2) is dot-multiplied by = and y respectively, two independent
linear scalar equations for «, 8 are obtained, whose solution demonstrates the assertion of
the Lemma. [

We also observe that the functionals «(f), 5(6) are uniquely determined by the restric-
tion of # to any subinterval of [0,1].

Now let F,, denote the class of interpolating elastica F# with normal representation t
0(t), 0 <t <1, all satisfying the same type of end conditions (free or angle contraints)
and having (n + 1) interpolation nodes 0 =ty < t; < -+ < t,, = 1, where t; = t;(0)
fori =1,... ,n— 1. We also assume that no two consecutive interpolation points of F
coincide. F;, is made into a metric space by use of the distance functional

(4.4) d(fr,02) = max  [ti(01) —t:(62)] + max |02(t) — O2(1)].

.....

We now prove

Proposition 4.1. Suppose Ey is an interpolating elastica with normal representation 6y €
F,,, which is stable. Then there exists 6 > 0 such that every interpolating elastica E with
normal representation 0 € F,, for which d(6y,0) < § is also stable.

Proof. For every 0 € F,, we have by (2.12)

9'2( £) = oy (0) sin 0(t) — B;(0) cos O(t),
(4.5) 9”( ) = a;(6) cosO(t) + Bi(0) sinb(t),
t1_1(9)§t§t(0), 7::1,...771
We first take 6; > 0 so that d(6,0y) < 6; implies
(4.6) (ti—1(6o), t:(60)) N (ti-1(0),t:(0)) # ¢ for i =1,.

It then follows from the above Lemma that we can find 6o > 0,00 < ; so that for
d(@,@o) < da:
a;(0) —ai(Bo)| <1, [Bi(0) — Bi(fo)| <1, i=1,...,n,
hence by (4.5)
max [0 (t)] < M

0<t<1

for some M. Thus, the family {6 : 0 € F,,,d(0,60y) < 2} is equicontinuous:
(4.7) 10'(t") —0'(t")| < M|t' —t"|.

Suppose € > 0 is given. Using the Lemma again and Equations (4.5), we can choose
d3 > 0,03 < 9 so that d(6,6y) < d3 implies |a;(0) — a;(60)| + |8:(0) — B:(0o)| is so small
fori =1,...,n that (4.5) yields
€
0'(t) = 6o(t)] < 5 for ¢ € [tim1(80), t:(B0)] N [ti-1(9), i (6)];
1=1,...,n

(4.8)



12 STABILITY OF INTERPOLATING ELASTICA

Let the overlapping of the two intervals in (4.8) occur so that t;_1(6y) < t;—1(0) < t;(6y) <
t1<9) If (54 > 07(54 S 53 is such that M|ti_1(9) - ti_1(90)| < 6/3 for d(8790) < (54 then by
(47) and (48), for ti_l(eo) S t S ti_1(0>2

16 (t) — 05 (8)| <[606(t) — 05 (ti-1(00))] + 105 (ti-1(60)) — 0 (ti-1(60))]

0 (ti1(00)) —0'(1) < S+ 545
102 (00)) — ()] < 5+ S+

and the same result is obtained for t;(6y) < t < t;(0). Altogether one finds that for
d(8,00) < éa:

(4.9) 0" (t) —05(t) <e 0<t<1.
For 6 € F,,,n € W1 20, 1] defined (compare (3.5)):

1 1 n t; t; t;
(4.10) Q(0,m) = / (n'2§9’2n2)+22[ / (cos 0)n / / sine] / o,
0 i=1 ti_1 ti_1 ti_1
t;

t;
where t; stands for ¢;(6). In (4.10) it is assumed that / sin 6 # 0; if/ sin@ = 0 then

ti—1 ti—1

t; t;
the term in brackets is to be replaced by — / (sinf)n / cos@|. If follows from

ti—1 ti—1

(4.9) that one can find, for a given bounded set B C W 2[0,1], d5 > 0, d5 < d4, such that

(4.11) 1Q(0,1m) — Q(0o,n)| < 2¢
for all n € B and 0 € F,,, d(0,6) < 5.
For 6 € F,, we also define the subspace V(6) of Wi 2[0,1] (see (3.4)):
t; t;
Vo(6) = {n € Wi [0,1] / di / dr 11(t) cos[B(t) — 6(r)] = 0,
ti—1 ti—1

i=1,...,n; and n(0) = 0 and/or n(1) =0 if the

elements of F), are angle-constrained at the corresponding terminal}.

(4.12)

For the given bounded set B C W 5[0, 1] (B is then totally bounded in L2[0,1]) one can
choose dg > 0, d¢ < J5, so that the Lo-distance of the sets V(0) N B, Vy(0p) N B is arbitrary
small if d(0,60p) < dg. From this, together with (4.11), one concludes that é > 0 can be
found such that d(6,6y) < § implies

infQ(fy,n) — infQ0,n) < infQ(h,n)

(4.13) - v 2
77€V0(90)7/ n° =1 UGVO(Q),/ =1 neVy(b), n°=1,
0 0

hence that, by Proposition 3.1, E is stable. [

Proposition 4.2. If6, in Proposition 3.1 is strongly unstable (i.e., inf Q(0,1n) <
neV (o), [ n?=1

0), then there is § > 0 such that the elastica E for which d(6y,0) < d are also unstable.

We apply Proposition 4.1 to extremals which interpolate configurations close to the
ray configuration. Suppose FEj is the extremal interpolant with normal representation
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0o(t) = 0,0 < t < 1, which interpolates the ray configuration {pJ,p?,...,p%}, where
p) = (t9,0), 0=t <ty <.-- <td =1, and has free terminals. It was proved in
[2, Theorem 7.4] that, given € > 0, there exists § > 0 such that for every configuration
{po,p1,--- ,pn} with |p; — p?| < & there is a unique extremal interpolant E. with free
ends and normal representation 6. for which d(6y,6.) < . Now 6 is stable. In fact,

1 t;
Q0g,m) = / 77’2 and Vp(0y) = {n: / n=20, i=1,...,n}. In particular, we must
0

ti—1
1

1

have / n = 0 for n € Vp(6y), and it follows that Q(6y,n) > 47‘(’2/ n*. Thus we have
0 0

obtained

Proposition 4.3. For every configuration sufficiently close to the ray configuration there
exists a unique stable extremal interpolant with free terminals that is close to the trivial
interpolant.

Of course, this proposition holds, a fortiori, for extremal interpolants with angle con-
straints.

5. Instability of the 2-point interpolants E,, £

If the configuration to be interpolated consists of two points pg, p1 then the elastica Ej
has normal representation 6y € C2[0, 1], satisfying the equations (see (2.12), (2.13)):

1
5962 — Alsinfp + A cosy =0, 607 — A cosfly — A?sin 6y = 0.

In the sequel we will arrange it so that 6, = 0 when 6y = 0 or 7; then these equations
become

1
(51) 5‘962 = /\0 sin 90, 06/ = )\0 COS 00

for some A\ € R. If pg = (0,0), p1 = (0,d), d > 0, then the interpolation conditions are
1 1
/ cos by = 0, / sin 6y = d.
0 0
If 05(0) =, 6p(1) = 5,0 < a<m, 0< g <m, then by (5.1):
B B
(5.2) (200)1/2 = y/ sin~ V2 udul,  (22)"/2d = y/ sin'/2 udul.

However, these formulas for A\ and d are correct only if 6 (t) # 0 for 0 < ¢t < 1 (i.e., Ey
has no internal inflection point); otherwise they must be modified, as will be done below.
The quadratic form (3.5) becomes

(5.3) Q(bo,n) = /0 (n"* = Ao sin6on?) — (ZAo/d)(/O cos fyn)*

and it is to be minimized on the space (see (3.4)):

1
Vo(0o) = {n € W1 2[0,1] : / nsinfy = 0;
0

n(0) = 0 and/or n(1) = 0 if Ey is angle-constrained}.

(5.4)
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a. We first investigate the stability of the extremal E,,(n > 1) with free terminals which
has (n — 1) internal and 2 terminal inflection points. FE, consists of n arcs, congruent
to Ey, which is the basic nontrivial 2-point extremal interpolant (see [2, Sec. 5]). If
0,, is the normal representation of E,, and we choose 6,(0) = 0 then 6,(t) varies from
0tomto0tom - to2[1— (—1)"]r as ¢ varies from 0 to 1/n to 2/n to --- to n/n. The
points k/n (k=1,... ,n — 1) are the internal inflection points. The total variation of 6,,
is Va(6,,) = nm. We have

SOL2(0) = Ausin, (1)
(5.5) On(1/n+1t) =7 —0,(t), On(2/n+1t)=0,(t)
0,,(0) = 0.

Formulas (5.2) are now replaced by

(5.6) (220) Y2 = n/ sin™Y2udu,  (2\,)Y2d = n/ sin'/? udu.
0 0

We choose )
n=20,— d-1 / 0,,sinb,,.
0

1 1 1
Then / nsind, = 0, hence n € Vy(6,). Since / cosf, = 0, we have / ncosb, =
0 0 0

1
/ 6y, cos b, and (5.3) becomes
0

(5.8) Q(0n,n) =2 \,d—\, /1 62 sinb’n—l—()\n/d)(/1 0, sin9n)2—(2)\n/d)(/1 0,, cos 0,,).

0

We use . ) . )
(/ 0,, sin6,,)> §/ Hisinﬁn/ sin@n:d/ Qisin&l
0 0 0 0
and find
1
(5.9) Q1) < (200D~ (| 0 cos6,)7
0

To evaluate the integral term in (5.9) we first assume n even. Then

1 n 1/n 1/n
/ 0, cosl, = — / 0,, cos0,, — / (m —6,)cosb,
0 2 | Jo 0

(5.10) y
- _(n/zxn)zf 6,2 = —2d.
0

We find the same result for n odd. (5.9), (5.10) show Q(6,,,7) < 0. Thus, we have proved
that F, is unstable. This was also proved in [2], but by a different method.

b. We now show that the above extremal is, for n > 2, also unstable if angle-constrained
at both ends. Let this extremal be denoted as E}. If 0 is its normal representation
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1
then 07 minimizes / o' among the functions that satisfy the interpolation conditions
0

1 1
1
/ cosf = 0, / sinf = d and the end conditions 6(0) = 0, #(1) = 5[1 — (=1)"|=x. E}
0 0

coincides with E,, of paragraph a., hence 87 = 0,,. n € V(6}) now requires n(0) =n(1) =0
1
besides / nsin#, = 0. We choose
0

(5.11) ne(t) = 0,(t), 0<t<2/n

1
Then, clearly, 1. € V5 (6}), and also / Ny cos @, = 0. Thus (5.3) becomes
0

2/n
Q) = / (1.2 = Ay sin G72)
(5.12) 0

2/n 2/n
= / (A2 cos® 0, — 2\2 sin?0,,) = A2 [2/n — 3/ sin? 0,,].
0 0

But, using (5.5), (5.6) and integration by parts, we find

2/n T m
(5.13) / sin’ 6,, = (2/\/2%)/ sin®/? udu = (2/3\/2>\n)/ sin™ Y2 udu = 2/3n.
0 0 0
Thus, Q(n,) = 0, and this proves instability of the extremal E*, n > 2.
In the next section it will be proved that E7T is also unstable.

6. Two-point angle-constrained interpolants with no inflection point.

In this section we prove that 2-point angle-constrained interpolants are stable if they
have no inflection point, and are unstable if they have at least 2 inflection points.

Proposition 6.1. A 2-point angle-constrained extremal interpolation E with no inflection
point is stable.

Proof. It E has no inflection point then E is a proper subarc of the basic 2-point extremal
E; (see Sec.5). Clearly E is contained in another proper subarc E of E; which has
an axis of symmetry. By Proposition 3.3 it suffices to prove that the angle-constrained
extremal F is stable. Let t +— 0(t) (0 <t < 1) be the normal representation of E and
(0,0), (0,d), (d > 0) the coordinates of the terminals, with § = 0 along the positive z—axis.
Then we have the following equations for 6:

B /2
d= [ sinf = 2(2/\)_1/2/ sin'/2 udu
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It follows from Proposition 4.1 that E is stable for all « sufficiently close to 7/2. Hence,
if £ is unstable for some a > 0, there exists a smallest « = ap, 0 < ap < 7/2, for which

E = Ey (correspondingly, g, Ag) is unstable. It then follows, by Proposition 4.2, that
inf{Q(#o,n) : m € Vo(0o), [ n* = 1} = 0, hence there exists 19 € V(6y), no # 0, such that
Q(0o,m0) = 0. We will show that this is not the case.

By (3.4) and (3.5) we have

Vo(Oo) = {n € W12[0,1] : / nsinfy = 0}
(6.2) 0

Q(bo,n) = /0 (n"* = Ao sinOon?) — (ZAo/d)(/O cos yn)*

inf{Q(0o,n) : n € V(6o), [n* = 1} = Q(Hp,m0) = 0 implies (see Proposition 3.2 and
Equations (3.7a,b)) that 7o satisfies the following system for some py € R:

6 () + Ao sin 6y (t)n0(t) + oo cos g (t) + posinby(t) = 0

1
7}0(0) :7’]0(1) :O, / 7’]0811190:0, To 7&0
(6.3) ;

1
o9 = (2)\0/d)/ Mo cos By.
0

The equation 1" 4+ Ao sinfgn = 0 has the general solution

t
(6.4) 0 = ol + 180, olt) = / (1/ sin o (7)) dr-
0

By using the method of variation of parameters one finds for the general solution of the
differential equation in (6.3):

(6.5) m0(t) = —(00/2X0)t04(t) — (po/Xo) + coby(t) + c165(t) o (t).
10(0) = no(1) = 0 give, since 6,(0) = 0,(1) := ko
(6.6) co = po/Xoko, €1 = 00/2X070(1).

By the use of integration by parts one finds

(6.7) /0 no cos By = —(00/2X0)(sinag — d) + ¢1(70(1) sinag — 1)

and since this must equal (dog/2)\g) by (6.3), one obtains
(6.8) —(00/2X0) sinag + ¢1(70(1) sinay — 1) = 0.
(6.8) together with (6.6) gives 09 =0, ¢; = 0. Thus, we are left with

(6.9) 1m0 = (po/Xoko)(0h — ko).
1
The final condition / Mo sin fg = 0 yields
0

(6.10) (po/Aoko) (2 cos g — Kod) = 0.
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Since pg = 0 implies 19 = 0, we must have

0 = G(ag) := cosag — Kod/2.

w/2
By (6.1) we have kg = 65(0) = (2\osinag)'/?, d/2 = (2)\0)_1/2/ sin'/? udu, hence
ag
w/2
G0)=1, G#x/2)=0, G(a)=—(1/2) sin_1/2acosa/ sin'/2u < 0 for 0 < a <

(0%
7/2. Therefore no ng, pp satisfying (6.3) exist, and the proof of Proposition 6.1 is com-
plete. [

We prove next:

Proposition 6.2. A 2-point extremal interpolant E (angle-constrained or free) with 2 or
more inflection points is unstable.

Proof. If E has at least 2 inflection points then E contains the basic 2-point extremal
E; (see Sec. 5). By Proposition 3.3. it suffices to prove that ET, which is E; with
angle-constraint, is unstable. We do this by exhibiting 7, € V5(61), m1 # 0, for which
Q(01,m) = 0. As in the preceding proof, this will be the case if for some p; € R:

Ny + Aimy sinfy + o1 cos 01 + pysinf; =0

1
(6.12) m(0) = m(1) =0, /0 msinb; =0, 1 #0

1
o1 = (2/\1/d>/ m COS¢91.
0
This system is satisfied by
p1 =0, m(t)=(1-2t)61(2).
Indeed, one computes

n{ + Mmpsinf] = —oycosby, o1 =4\

1
/ n cosby = 2d = doy/2\
0

1
ni(0) =ni(1) = / n sinf, = 0.
0

Here we have used 61(0) = 60;(1) = 67(0) =07(1) =0. O

7. Two-point angle-constrained interpolants with one inflection point.

If the 2-point angle-constrained extremal E contains one inflection point (either at one
end or internally) then the problem of stability is more complex. If one proceeds from
the inflection point 0 along E in one or the other direction to a terminal one traverses a
proper subarc of the basic extremal F; (see Sec. 5). There is a point on Fj, close to the
far terminal, - its precise location is given below - on which the stability of E depends.
We call this point a stability focus. E may contain the right, the left or neither stability
focus. We prove
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Proposition 7.1. A 2-point angle-constrained extremal interpolant E with one inflection
point is stable if E contains no stability focus.

Proof. E contains neither stability focus as one proceeds from the inflection point to one
or the other terminal, hence is a subarc of another extremal E, which is symmetric with
respect to the inflection point and also contains no stability focus. By Proposition 3.3 it
suffices to prove that the angle-constrained extremal E is stable. Let ¢ — 5(15)(0 <t<1))
be the normal representation of £ and (—b/2,—d/2), (b/2,d/2), (b > 0,d > 0) the
coordinates of the terminals, with 8 = 0 along the positive x—axis. We then have:

1~ ~ o~
592(1&):/\31](19(15, 0<t<1)
0(t) =0(1—1)
00)=a, O<a<m 6(1/2)=0(1/2)=0
1 o
(7.1) :/ ) 1/2/ cosu - sin~ Y2 udu
0 0
1 «
d= ) 1/2/ sin'/? udu
0 0

(2)\)1/2 2/ sin™2 udu.

It follows from Proposition 4.2 that E is stable for all o sufficiently small. Further if « = 7,
E contains 2 inflection points, hence is unstable. Thus there is a smallest o = o, 0 <
ay < 7, for which E= E* (correspondingly, 6,, \,) is unstable. As one proceeds along this
E* from the inflection point to one of the terminals one reaches the (left or right) stability
focus, mentioned in the statement of the proposition.

By Proposition 4.1, we are left to find «, and 6,, so that

nf{Q(0,.7) 1 € vo(e*),/n? — 1}, Qb.n) =0
where 8 = 6, satisfies (7.1), with « replaced by a,. By (3.4) and (3.5) we have

Vo(0x) = {n € W12[0,1] : /1 n(bcos b, + dsinf,) = 0}
(7.3) 0

Qb,.1) = / (1 — A, sin0,7) — (27, /d)( / ncos6,)?.

The infimum 0 of Q(64,7n) is attained for n = n, € V(6,) if (see Equations (3.7a,b)) n
satisfies the following system for some p, € R:

N 4+ X\eny sin 0y + o4 cos O, + pi(bcos b, + dsinf,) = 0,

1
(7.4) 7%(0) = n.(1) = 0, /0 Nx(bcos b, 4 dsinb,) =0, n, #0,

1
0'*<2)\*/d)/ Nx COS 0.
0
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Using the general solution

n(t) = —[(ox + P*b)/Q)‘*]tei(t) — pxd/ A + COei(t) + 17 (1)
—0L(t) [ (1/sin0,(7))dr for 0 <t <1/2
V() =< 2 fort =1/2
0.(t) [ (1/sinb,(7))dr  for1/2 <t <1

(7.5)

of the differential equation in (7.4), one finds after lengthy calculations,
(7.6) ne(t) = (1 = 20)6L(t) — 0,(0),  pu = AbL(0)/d.
Using integration by parts and the relations, following from (7.1):

(7.7) 2sina, = k2/)\,, b= —2k,/)\,, where x,=0.(0)

one obtains
1
(7.8) — (2)\*/d)/ Ny €08 0, = 4N, — A Ry b/d.
0

Then one verifies readily that (7.6) solves the differential equation in (7.4); also 7,(0) =
1
7x(1) =0 and / Ny sin 0, = 2 cos o, — 2b — kK4d, hence
0

1
(7.9) / Ny (bcos b, + dsinf,) = —2/12/)\2 + 2d cos o, — K.d>.
0

Thus, all the conditions of (7.4) are satisfied if the quantity (7.9) is 0, or using (7.1) and
(7.7) and the abbreviation

S(a) = / sinl/Qudu, 0<a<m,
(7.10) 0

F(o) :=sin'? 0, 5%(a,) + cos o, S(ar, ) + 2sin®/2 o, = 0.

oy is the unique root between 7/2 and 7 of (7.10). Since F(w/2) > 0 and F(w) < 0,
there is a root between 7/2 and m, and since F’'(a) < 0, the root is unique (a rough
estimate shows a =~ 171°).

We have shown that 5, given by (7.1), with o < a4 is stable and this completes the
proof of Proposition 7.1. [

The result in Proposition 7.1 is sharp because we have

Proposition 7.2. A 2-point angle-constrained extremal interpolant E with one inflection
point is unstable if E contains the two stability focu.

Proof. In the proof of Proposition 7.1 it was seen that the extremal E* whose terminals
are the stability foci is unstable. By Proposition 3.3 E, which contains E*, is unstable.

There remains the case where the 2-point angle-constrained interpolant E contains one
inflection point and one stability focus. We may assume that the normal representation 6
of E' is a solution of

SO = Asinf(r), 0<t<1

(7.11)
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for some A € R, where

O<a<a,<fB<m

7.12
(7.12) O(to) = 0'(tg) =0 for a unique t.

The numbers A and ¢¢ are determined from the relations

«@ 3 a
(7.13) V2N = / sin~'/2 u du + / sin” Y2 udu, V2Xto = / sin~ Y2 du.
0 0

0

It is seen that to < 1/2 and
(714) 9(t0—7') :9(t0+T), OSTSto.

We now show that for each a, 0 < a < a4, there exists a unique = S, (a) such that
the extremal F is stable if 5 < ,(«) and is unstable if 5 > S,(«). We say, the point on E
for which 6 has the value f,(«) is conjugate to the point for which 6 has the value a. As
a approaches a, (from below) 3, («) approaches a, from above, hence the stability foci of
Proposition 7.1 are the special case of conjugate points where (5, (o) = a. O

We now prove

Proposition 7.3. Suppose E is an angle-constrained extremal 2-point interpolant with
normal representation t — 0(t), 0 <t < 1, which contains one inflection point and for
which 0(0) = a, 0 < a < ay (see (7.10)), 6(1) = B > «a,. E is stable if and only if
B < By(a), where B, () is the unique root between o and 7 of Equation (7.17) below. As
a increases from 0 to ay, Bi(a) strictly decreases from m to a.

Proof. By Propositions 6.2 and 7.1 E is stable if § < «a, and unstable if 3 = 7. Let
Bx(a) denote the smallest value of 8 for which E is unstable and let 6, be the normal
representation of the extremal E, for which 0,(0) = «, 0,(1) = Bx(«). There must then
exist n, € Vo(6,), [n* =1, such that

(7.15) inf{Q(0.,n) :n € VO(Q*)7/772 =1} = Q(0x,nx) = 0.

As in the proof of Proposition 7.1, we have for 7, the system (7.4). The general solution
of the differential equation in (7.4) is given by (7.5). One computes, using integration by
parts,

1 1
/ Yy cos B, =1, / Yiesinb, = 2/67 (1) — 2/6%(0)
(7.16) 0 0

1 1
/ tcosO,(t) - 0. (t)dt = sin 8 — d, / tsin 0, (t) - 0 (t)dt = b — cos 3.
0 0

1 1

The four conditions 7, (0) = n,(1) = 0, / Ny coS 0, = doy /2], / (bcosO,+dsin b, )n, =
0 0

0 for n, € Vu(0y), and the condition 7, # 0, then lead to the equation

H(a,p) := (sinasinﬂ)l/z(S(a) + 5(pB))?

(7.17) + (sin'/? a cos B 4 sin'/? B cos &) (S(a) + S(B))
+ 2(sin arsin 8)/?(sin*/? a + sin'/2 8)? = 0
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for 5 = Bi(a). One finds that the function 5 — H(a, ) is strictly decreasing for a, <
B < m. Also, if 0 < o < ay,

(7.18) H(a,7) <0, H(a,a)=4F(a)sin"?a >0,

where F is the function in (7.10) and F(a) > 0 since o < . It follows that S, («) is
uniquely defined by (7.17). Then 6 = 6,, with 6,(0) = a, 6,(1) = f«(), is the normal
representation of an extremal E,, for which there exists 1, € Vp(64), with n, = 0, such
that (7.15) holds. Therefore, E, is unstable, and by Proposition 3.3, E is unstable if E
contains E,, i.e., if 5 > B, («a).

The function a — B, () is nonincreasing. For if 8, (a1) < Bi(an) for as > ay, then the
angle-constrained unstable extremal E; with 61(0) = a1, 61(1) = Bi(a), is contained
in the extremal Fo with 05(0) = ag, 62(1) = Bi(a1), which is stable since fi(a1) <
Bx(a2). This is a contradiction to Proposition 3.3. Actually, S, is strictly decreasing, for if
Bi(a1) = Byi(az) for ag > ay then By () is constant for oy < o < g, which is impossible
since the function f, is analytic. Clearly, 5,(0) = m and S, (a4) = ax, thus the proposition
is completely proved. [J

We proceed to give a geometric interpretation of conjugate points on a simple elastica
curve. At the same time we obtain the precise range of angles that an arc of the elastica,
which contains one inflection point, can make with the chord connecting the endpoints.

Let E be the simple elastica of Proposition 7.3, ¢t — 6(t) (0 < t < 1) its normal
representation, #(0) = «, 6(1) = 3, with 0 < a < 8 < 7, and let pg,p; be the local
vectors of the terminals of E. In the original interpolation problem the length of the vector
p1 — po and the angles A, B that EF makes with p; — pg at the endpoint are prescribed.
More precisely, let A, B denote the angle in (—m, 7) from the vector p; — pg to the oriented
curve E at pg,p1, respectively. We investigate the relationship between o, and A, B.
Clearly,

(7.19a) a—pf=A-B.

If the inflection point is taken as the origin of a Cartesian coordinate system zy, with
the positive xz-axis along 6 = 0, then the point (¢,6(¢)) on E has coordinates

x = /t cos O(7)dr = (2/V2X) sin*/2 0(t) sgu(t — to)

y = / sin 0(r)dr = (1/v/20)S(0(¢)) sen(t — to).

to
Expressing the slope of the vector p; — pg, we obtain
(7.19b) [S(a) + S(8)])/[2sin"/? a + 25in'/? B] = tan(a — A).
Since p; is above and to the right of pg it follows that
(7.19c¢) O<a—A<m/2

For each pair (o, 3), with 0 < a < g <m, «a+ >0, there is a unique pair (A, B) with
—m < A < B < 7 determined by Equations (7.19a,b,c) (actually A > —7/2).
Let B(A;a, ) be the angle B for fixed A, «, 5, and set

(7.20) B*(A) = sup B(Aja,B) = B(A;aa, Ba).
0<a<p<n
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It is readily found that if a4 = 0 then A = —7/2 and 4 = 7, and if 4 = 7 then
A= —7/2and ay = 0; also if a4 = 4 then ay = ay (solution of (7.10)) and A = B*(A).
We write
(7.21) A* = B(A%; a4, a4) =  sup  B(A%a,p)

0<a<p<m
(A* ~ 99.5°). It follows that if A is neither —m/2 nor A* then the supremum in (7.20) is
attained in the interior of the region 0 < o < g < m. Thus, (a4,84) make B=A—a+f

a maximum under the side condition (7.19b). It follows that o = s, 8 = B4 satisfy the
equations

o o — 2tan(a — sin'/? o + sin'/? =
— L+ 1(0/00)[S(0) + 5(8) — 2tan(a — A)(sin'? o + sin'/2 ) 2

—1+ pu(9/8B)[S(a) + S(B) — 2 tan(a — A)(sin'/? a + sin'/? §)] =
Elimination of the multiplier u, and use of (7.19b) yield
(7.23) H(aa,84)=0

where H is the function (7.13). Thus sup B(A4; «, () is attained for conjugate values a4, S4.
This is also true in the excluded cases A = —7/2, A = A* since (0,7), (au,ay) are
conjugate pairs. Fach conjugate pair («, 8) occurs in this characterization; for if «, 5 are
used in (7.19b,c) a unique A is obtained for which o = a4, 8 = fa. We have proved

Proposition 7.4. Suppose A, —m < A < 7, is such that there exists a simple elastica
E with terminals po, p1, which contains an inflection point and which makes the angle A
with the vector p1 — po at po. Then the largest angle B that E can make with p1 — po at pq
1s obtained if po, p1 are conjugate points of E. Conversely, each pair of conjugate points is
characterized in this way.

We proceed to determine the range of angles A, B that a simple elastica with one
inflection point can make with the chord joining the endpoints. Because of symmetry it
suffices to determine the half where A < B, which we denote as Ra<p. If 0 < A < A*
(see (7.21)) then the interval {A : A < B < B*(A)} is in Ra<p (B*(A) as in (7.20)).
If A > A* then there is no B > A such that (A, B) € Ra<p; this follows from the
above discussion. Let us assume now A < 0. By (7.19¢), we have A > —7/2; so fix
A, 0< A< —7/2. Substitute B — A+ « for  in (7.19b), which then defines B as a
function of a. It is easily found that 0B/0a at @ = 0 is +00. B takes on its minimum
B, (A) for a = 0, hence by (7.19a,b)

(7.24) S(B,(A) — A) = 2sin'/?(B, (A) — A) tan(—A).

It is easy to see that the interval {A: B,(A) < A < B*(A)} isin Ra<p. In Summary, we
have

Racp={-7m/2<A<0:B(A)<B<BA}U{0<A< A : A< B<B (A

Remark. The general (A,B) € Ra<p U Rp<a is the image of two pairs (o, ), hence
arises from two distinct simple elastica E4 py. If angle-constrained, no more than one of
these is stable. There may be no stable elastica at all for (A,B) € Ra<p U Rp<a. Thus,
if0 <A< A, B=DB*(A), then B= B(A;aa,Ba) and there is a unique E(4 gy, whose
terminals are at the conjugate aa, Ba. By Proposition 7.3, the angle-constrained E(4 gy is
not stable. It seems probable that this happens only on the boundary of Ra<p U Rp<a.

The last proposition of this section deals with 2-point interpolants with angle constraint
at only one end.
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Proposition 7.5. A 2-point extremal interpolant E which is angle-constrained at one
terminal and free at the other is stable if and only if E contains no stability focus.

Proof. For the normal representation t — 0(t) (0 <t < 1) of £ we may assume

1
59’2(:5) = Asinf(t), 0<t<1
(7.25) 0(0) =6'(0)=0; 6(1)=p>0 prescribed

1 1
/ cos =b and / sinf =d prescribed.
0 0

If B is sufficiently small then E is clearly stable. If E is stable for some (5; > 0 then, by
the Corollary to Proposition 3.4, F is stable for each § < ;. On the other hand, F is not
stable if § = 7 since in this case E is unstable even if angle-constrained. It follows that
there exists B,, 0 < B, < m, such that E is stable for 8 < (3, but unstable for 5 > £,.
By the same arguments as in the earlier part of this section we conclude that we have

(7.26) it (Q(6,1) 1 € Vo(6), [ * =1} = Q(6.1.) =0
where
(7.27) Vo(0) = {n € W12[0,1] : n(1) =0, /1 n(bcos@ + dsinf) = 0}.

For 7, we have the conditions (compare (7.4)):

Ny + An, sin@ + o cos 0 + p(bcos@ + dsinf) =0

(7.28) 1 /
<ﬁﬂM@Amww,m®=Q (1) =0, 1. #0.

The condition 7, (0) = 0 results from the fact that if n = 1, minimizes Q(6,n) then 1, must
satisfy the free boundary condition 7, (0) = 0. Proceeding as in the proof of Proposition
7.1, one finds

(7.29) (L) = t0'(t) — (1)

B

is a solution provided B (which enters (7.28) through X, (2X)Y/? = / sin™Y2 udu) is a
0

zero of F, cf. (7.10). Thus, f = o, the previously found stability focus. O

8. The stability function

In the two preceding sections the stability problem was settled for all extremal 2-point
interpolants. Let E* now be an extremal, interpolating a general (n + 1)-points configura-
tion {pg, p1,-.. ,Pn}, and free at the terminals p,, p,. For ease of formulation we introduce
the

Definition. A subarc E} of E* between two consecutive interior nodes p;—1,p; (2 <1<
n — 1) is said to be proper if Ef contains no pair of conjugate points. The terminal arcs
EY and E} are proper if they contain no stability focus.

By Proposition 3.4, 7.3 and 7.5, E* is unstable if any of the subarcs E is not proper.
We state this important result as
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Proposition 8.1. A necessary condition for stability of an extremal interpolant with free
terminals is that each arc between consecutive interpolation nodes be proper.

It should be observed that by assuming all arcs are proper we do not exclude the presence
of inflection points. However we will exclude, with little loss of generality, inflection points
at the knots. We say E* is decomposable if p,, for some m between 1 and n — 1 is an
inflection point, otherwise E* is indecomposable. If E* is decomposable then the subarcs
E, from pg to p,, and Ej from p,, to p, are (free) extremal interpolants, and it is readily
seen that E* is stable or unstable if both E, and Ej are stable or unstable, respectively
(the case where one of the E,, F} is stable, the other unstable, is omitted).

For indecomposable extremal interpolants E* which satisfy the necessary condition of
Proposition 8.1 we find a computable function U* of n — 1 variables (n 4 1 is the number
of interpolation nodes) with the property that E* is stable if and only if U* has a local
minimum at the critical point corresponding to E*.

Let s — 0*(s) (0 < s < s%) be the normal representation of E*, with interpolation
nodes 0 = sj) < s7 < --- < si. Then for uniquely defined A}, ..., A%, uj,...,u, we have

0*" (s) + Arsin0*(s) — p* cos 0% (s) = 0,

1 .
59* 2(3) — AfcosO(s) — ursinf*(s) =0, s;7; <s<s;

st st
/ cos0* = b;, / sinf*=d;, i=1,...,n
s* s*

1—1 1—1

0*'(0) =0, 6*(st)=0.

(8.1)

In addition to (8.1) we have the corner conditions
(8.2) 0 (s*—0)=0"(sf+0), i=1,...,n—1

The potential energy for E* is

(8.3) UO(E*):/S 9*'? = Zz (AFb; + prd;).

We choose an arbitrary number § > 0, set s} +d = 5, and extend 6* to the interval [0, S|
by setting 6*(s) = 6*(s}) for s}k < s < S. Every function 6 in this section is in the space
Wy 2 = W1 2[0,S] and is constant on some interval [s,,, S], where 0 < s, = 5,(0) < S.

As stated above, we assume each subarc Ef(i = 1,...,n) of E* is proper and also
that 0% (s;) # 0fori =1,...,n—1. We set 0*(s*) = a* (i = 0,1,...,n). For every
(n — 1)-tuple a = (a1, ... , 1) sufficiently close to o* = (af,... ,a)_;) the system

0" (s) + A\isinf(s) — p; cosf(s) =0,

1
59/2(8) —XicosO(s) — p;sinf(s) =0, s;-1 <s<s;

(8.4) / cosf = b;, / sinf = d;, i=1,...,n
Si—1 Si—1

6'(0) =0, 6'(s,) =0,
Q(Sj)zafj, j=1,...,n—1



STABILITY OF INTERPOLATING ELASTICA 25

has a unique solution 6 € Wi, with A\j,p; € R, 0 =351 <59 < --- <5, < 5, 1n a
sufficiently small preassigned neighborhood of 8*. This follows readily from the fact that
each of the arcs E} is proper. (8.4) is system (8.1) with additional conditions 0(s;) = «;
replacing the conditions (8.2). We let 8 denote the solution of (8.4), E, the {po,p1,... ,pn}
interpolant represented by 6,. The potential energy for F,, is

Sn n
(8.5) Uo(Eo) = / 0L, =" 2(Nibi + pids).
0 i=1

We now introduce the function
(8.6) U*(a) = Up(Ew)
and call it the stability function (associated with the extremal E*). It is defined in a
neighborhood of a*. We prove

Proposition 8.2. There is a neighborhood N (a*) C R" ™1 of a* such that o* is the unique
critical point in N(a*) of the function U*.

Proof. Let W7, denote the metric space of functions § € W7, which interpolate the points
p; at nodes s; = s;(6), A=350<s1 < <8, < s, with the metric

1/2

We can choose 6* > 0 so that the following three conditions are satisfied: (i) 6* is the only
extremal in

(8.81) N(0*)={0 € WP, :d°(0,6%) <6}

(ii) for each « in

(8.8i) N(@*) = {a €R™ : |a — a*| < 6}

system (8.4) has a unique solution 6, € N(0*) and each restriction Oy, , s, (i =
1,...,n) is proper; (iii) for j=1,... ,n—1

(8.8iii) sgnd, (s; — 0) = sgnd, (s; + 0) = sgnd* (s¥).

To prove the proposition it suffices to show that a € N(a*) is a critical point of U*(«) if
and only if a = ™.
By (8.5) we have

n

(8.9) U*(r) =) (Nibi + pad;)

=1

where the A\; = \j(«), p; = pi(a) are determined from the interpolation and end condi-
tions:

Bi(ovi—1, 0, Aiy 1) = / cosfly —b; =0

(8_1()) Di(ai_l,ai,)\i,ui) = / sin@a — dz = 0, 7, = 1, R

EZ‘(Oé(), )\1,#1) = )\1 cos o + j251 sin g = 0
E,(an, Any ) := Ap COS iy + iy Sin atyy = 0.
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We now seek critical points of U* as a function of @ = (a,... ,a,—1) and the accessory
variables A1,... , A\p, f1, .-+ fhn, Qo, (i, under the 2n + 2 side conditions (8.10). If « is a
critical point then there exist multipliers p;,0; (i =1,...,n) and w;,w, such that

8 n
oy {Z(Akbk + prdy + pr By + oxDy) + w1 By + wnEn} =0
k=1

where v stands for each of the variables «;, A;, ;.

Let first i (2 <14 < n—1) be such that E} has no inflection point. Then sgn 0% (s sy 1)
sgn 0* (s¥) = 1, say, and, by (8.8iii), 0/ (s) > 0 for s;_; < s < s;. Thus, using (8.4), w
find

Bi(o—1, 0, Aiy i) = / ﬁjl(u) cosudu — b;
(8.12) e
Di(ai—1, 0, Niy ;) = / ﬁjl(u) sinudu — d;,
Qi1
where
(8.13) ki(u) = (2X; cosu 4 2y sinu)'/2.

Using v = \; and 7 = p; in (8.11), one obtains

(e 73 (673
b; — pi/ Ii;g cos? —O'Z'/ mfs sin-cos = 0
Q4 —1 Q41

(e 73 (623
d; — pi/ *3 CoSs - sin —O'Z'/ K;S sin? =0
[3 Qg1

(677
or, since b; = / cosf, = / Leos = / /11-_3(2)% cos +2p; sin) cos :
oi—1 aG—1

17— i—

62

(2\; — pz)/ Ky cos® +(2ui — ai)/ Ky cos-sin =0
QG —1 QG—1

(8.14)

g (&7
(2N — pz)/ Ky 3 cos - sin 4(2pu; — ai)/ Ky 2 sin? =0
[ 7] Qi1
By the Schwarz inequality
2
7] 67} Q;
/ /4;1-_3 cos-sin | < / K',Z-_S cosz/ /4;1-_3 sin?

i1 Qg1 Qi —1

(equality cannot hold), hence (8.14) gives

If i = 1 then 0* (s%) # 0 (since E? is proper), say 6* (s*) > 0, and also ¢/, (s) > 0 for
0 < s < s1, hence (8.12) holds for i = 1 (the integrals involved are improper). To avoid
the divergent integrals in (8.14), we set

(8.16i) Bl = )\1F1 -+ [LlGl, D1 = ulFl — )\1G1
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where

F = ()\? + ,u%)_l [/ /ql()\l cos +pu1 sin) — A1 by — ,ujldl}

0

1 o
:—)\24-2_1{/ K1 — A1b1 — d]
(8.16ii) g AT 1) L, T

a1

G, = ()\% + ,uf)_l [/ Iil_l(—)\l sin +p1 cos) + A\idy — M1b1]
o
= (AT + 1) " H(k1(ea) + Adrdy — puaby).

Using these expressions in (8.11), one can carry out the differentiations with respect to
~v = A1 and v = 1, and one obtains (8.15) for i = 1. The same result is obtained for i = n.

Finally if j (2 < j <n — 2) is such that sgn 9*/(8;_1) = —sgn 0*/(8;) = 1, say, (hence
E% has an inflection point), then by (8.8iii), 0, (s) also changes sign in (s;_1, s;), and (8.12)

is replaced by
Bj
Bj(aj—1, 05, A5, 1) / / ! cos) —b;
Bi
D1, a5, Aj, 115) / / "sin) — d;

where k;(8;) = 0, «a;—1 < Bj,8; > «;. To differentiate the improper integrals one
replaces the B;, D; by functions F;, G; analogous to (8.16), then (8.11) for v = A; and vy =
p; again yields (8.15) for ¢ = j. It should be observed that 5; depends on o;_1,a;, Aj, 15,
but 0F;/0v and 0G;/0v do not contain terms 05;/0vy. We have now established (8.15)
fori=1,...,n.

We next choose o; (i =1,...,n —1) for v in (8.11) and obtain

(8.17)

(picosay + o;sina;) Ky 1(az) (pit1COS@; + 0441 sin Oéi)fi;rll ()
or, using (8.13) and (8.15): k;(;) = Kit1(ay), i.e.
(8.18) 0 (s;—0) =0 (s; +0), i=1,...,n—1.

Furthermore, by (8.4), 0/,(0) = 0/,(s,) = 0. Thus we have shown that if « is a critical
point of U*(«) then 6, satisfies (8.1) and (8.2), hence 6, = 6*,a = a*. That conversely
U*(a*) = Up(E*) is a critical value of U* follows immediately from the fact that Uy(E*)
is a stationary value of Uy. Proposition 8.2 is proved. [

The stability function U* attains a minimum in the compact set N(a*), say

U (win) = 1ain. U*(a),

If iy is a critical point of U* (i.e., qupin is in the interior of N (a*)) then, by the preceding
proposition, ami, = o and E* minimizes the potential energy Uy among all E, with
a € N(a*). The theorem below will show that in this case E* minimizes Uy among all the
{po,p1,--- ,pn}-interpolants sufficiently close to E*, hence that E* is stable. On the other
hand, if U*(a*) is not a local minimum of U* then there are interpolants E, arbitrarily
close to E* for which U,(E,) = U*(a) < U*(a*) = Up(E*), hence E* is unstable. Thus,
we arrive at the following effective stability criterion:
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Theorem. Suppose the indecomposable extremal interpolant E* = FE.,+ has only proper
subarcs EY. Then E™ is stable if and only if the stability function U* has a local minimum
at .

Proof. The proof depends critically on the following result which we formulate as a lemma. [J

Lemma. There exists a neighborhood No(0*) C N(0*) such that Uy(C) > Uy(Ey) for each
C' with normal representation @ € No(0*). Here « = {aq,... ,an_1}, «a; =0(s;(0)).

Proof of Lemma. Since each internal (terminal) arc of E, between consecutive interpola-
tion nodes, if considered as a 2-point extremal interpolant with two (one) angle constraints,
is stable it is true that Uy(C) > Uy(FE,,) for C sufficiently close to E,, a fixed. The lemma
asserts that this inequality holds in a neighborhood that is independent of «.

We may assume 6 in the form (2.5):

(8.19) 0 =0, +en + %(e)
with n € Vo(0a), n(si(0a)) =0 (i=1,...,n—1), d°0,n) <1, d°0,¢) <1. We
si(0a)
also may assume d; = / sinf, # 0 (the integral is independent of «), otherwise d;
$i—1(0a)

should be replaced by b;. Then by (2.10), (3.5)

/9’2 /9’2+52Q ws 1) + R(e),
(8.20) o(60)

Si(aa)
Q(Ga,n)z/ o — S0.77) +2Zd [ (eostn [
0 S4— 1(9) Si_l(ea)

where R(¢)/e? — 0 as ¢ — 0, uniformly for § € N(6*), « € N(a*). The mappings
a—si(ly) (i=1,...,n), a0, from N(a*) to R, N(6*), respectively, are continuous,
and so is the mapping

8.21 — inf 00,m) = qa
( ) “ nGVo(Gal)I’ldO(@m)SlQ( ) e

Since g, > 0 for each o € N(a*) it follows that ¢, = infaen(ar)ga > 0 and, by (8.19),
/9’2 > /0;2 + %szQ(Qa,n) for all sufficiently small €, say |¢| < ep. We can now choose
the neighborhood Ny(6*) C N(6*) so that # € Ny(0*) may be represented in the form
(8.19) with |e| < &9. Then /9'2 > /9;2, which proves the lemma. O

Proof of the Theorem. We need to prove only the sufficiency of the condition. Thus, we
assume there exists €1 > 0 such that U*(a*) < U*(«) for |a — a*| < e;. If the neighbor-

hood N1 (6*) C Ny(0*) is sufficiently small then |a — a*| < &1 for each 6 € N1(6*), a =
{6(s;(0))}. Using the Lemma, we have

/6*2 U*( )SU*(@):/ H(IIQS/ 0/2,
0 0 0

hence Uy(E™) is a local minimum. O

We present two examples, which illustrate the effectiveness of the propositions in this
section.
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Example 1. Suppose we have the configuration {pg, p1,p2} where py = (0,0), p; =
(1,0), p2 = (1,d). Without loss we may assume d > 1. It is easy to see that, for each d,
there is an extremal interpolant E*, which makes the angle o* with the vector p; — pg at
p1, where o* varies from 7/4 to 0 as d varies from 1 to co. Here the stability function U*
is a function of a single variable «;, which has been computed by Dr. D. Pence. It is found
that U*(a*) is a local minimum for each d. By the Theorem, the above E* is a stable
extremal.

Example 2. Suppose the configuration to be interpolated is {p1, p2, ps, p4} with p; =
(a,0), p2 = (1,0), p3 = (0,1), p4 = (0,a), where —oco < a < 1. This configuration with
a = 0.5 was mentioned first in the note [5] as an example for which there is no interpo-
lating elastica, and this claim was, without examination, repeated in many subsequent
publications. However, there are interpolating elastica, for each a, in particular there is
one which is symmetric with respect to the symmetry axis of the configuration. This can
be seen as follows. Let Cz be the symmetric interpolant of {p1, p2, ps, pa} which is uniquely
defined by the following conditions. Cg has continuous slope; the arcs Cig,Cag,Csg be-
tween the interpolation nodes are simple elastica; Cig and Csg have curvature 0 at p;
and p4 respectively; the tangent vector along Ciz turns through the angle 3. Clearly, for
B = m, the curvature at ps jumps from 0 to a negative value; and for some S < 7 the
curvature at py jumps from a negative value to 0. Therefore there is some value (it is
unique) f,, 0 < B, <, such that C, has continuous curvature at p (thus also at ps,
in fact everywhere), and this is an extremal interpolant of {pi, p2, ps,ps4}. In this way, for
each a, —o00 < a < 1, a unique extremal interpolant, E*, is defined. We will see that
each of these extremals is unstable. The results are based on computations carried out by
Dr. D. Pence.

If a > a*, where a* ~ —.27, then the terminal arcs of E* are improper, hence E* is
unstable by Proposition 8.1. If a < a* then the hypotheses of the above Theorem are
satisfied. Instead of the stability function U*(«) = Up(Eq+),a = (a1, a3), we use the
function of one variable which is the restriction of U*(«) to ag = 37/4 + a3 (i.e., we
consider only symmetric perturbations E, of E*). The computed results show that o* is
not a minimum point of this function, hence E* is not stable.

The question whether there are stable extremal interpolants for the configuration {p1, ..
(which would necessarily be nonsymmetric) remains open.

9. Stability of closed extremals interpolating regular polygons

An extremal interpolant E with normal representation s — 6(s) (0 < s <'3) is said to
be closed if

(9.1) 0(0) =06(s), 6(0)=20'(5).
Let po, p1,--. ,Pn_1 be the vertices of a regular n-gon (n > 3). In [2, Sec. 8] it was shown
that there exist closed extremals that interpolate the configuration {pg, p1,... ,Pn—1,Pn =

o o)
po}- In particular, there is one, F,,, which has no inflection points. Let s+ 0,(s), 0 <

s < n, be its normal representation. Its total variation Va(#,,) is minimal, Va(6,) = 27.

We prove

Proposition 9.1. The closed extremal E,(n > 3) is stable.

. 7p4}
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(¢}
Proof. The course E,, consists of n congruent arcs, each of length 1, and the increment

o
of angle along each arc is 27w/n. We write 6 for its normal representation and define
o

O(s+n) = 5(8) Then

9.2) B(s) = O(s — 1) + 27 /n.
We assume py = (0,0), and set pr — pr—1 = (bg,dx) (k=1,...,n) with by =0, d; =
d > 0. Then

k o k o
(9.3) by, = / cos = —dsin(k — 1)27/n, di = / sinf = dcos(k — 1)27/n.
k k

—1 -1

Because of symmetry we have

(9.4) 0(0) = 7/2 — w/n, 6(1/2) = /2.
Also,

%(5/(3))2 — Asinf(s), 0<s<n
(9.5) n

o 7/n ° T
(2012 = 2/ cos™ V2 udu, (2\)Y2d = 2/ cos'’? udu.
0 0

The quadratic form (3.5) becomes in this case

o

Q. =Y [ b+ Byt = 50 ¢+ R+ Rl
k=0"0

o

n—1 1 o
-2 Z()\/dk)(/ n(t + k) cos O(t + k)dt).
k=0 0
By (9.2) and (9.5)

(1/dy) /01 n(t + k) cos 0(t + k)dt = (1/d) /01 n(t + k) cos 6(t)dt,

thus
(9.6)
Q1) = k; {/0 (¢ + k)dt — %(5/@))%2@ +R)dE— (27/d) (/0 n(t + k) cosé(t)dt) } .

This form is to be minimized on the space (3.4):

[e] o k (¢} ¢}
V()(G):{nEWLQ:/ (b cos@ + disinf) =0, k=1,...,n}
k

—1

Here W 5 denotes the W >-space of functions of period n. Using (9.3), we find

] o 1 0]
07)  Vo®) ={ne Wiy / n(t+ k) sin6()dt =0, k=0,1,...,n—1}
0
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Put n(t + k) = ne(t)(k = 0,1,... ,n —1). Clearly Q(0,nr) = Q(6,n0) and nx € Vp(0) if

no € Vo(0). If Q(6,n) attains its infimum for n = 7o, then also for n =7 = (1/n)(no +m +
-+ np—1), and n has period 1. For 7 of period 1 (9.5) becomes
2

(9.8) (1/m)Q(8,m) = / o = S sind) — (203/d) ( / " cos ?))

o

1
and (9.7) requires / nsinf = 0. Thus, n must change sign in (0,1) and we conclude
0

(9.9) /O RPN /0 (dsin2mt/dt)? / /0 (sin2mt)? = 4.

From (9.5) we have the estimates

(202 < (27 /n) cos™ V2 7 /n
d > cosm/n.

(9.10)

With (9.9), (9.10) substituted in (9.8), we find

o

1
(9.11) (1/n)Q(8,1n) > 47*(1 — (1/n) tan® w/n — 1/2n? cos 77/71)/0 n?,

thus n — Q(60,n) is positive definite for n > 3. By Proposition 1, 6 is stable.
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