Multivariate polynomial interpolation: Aitken-Neville sets and generalized principal lattices

Carl de Boor (10aug08)

Abstract. A suitably weakened definition of generalized principal lattices is shown to be equivalent to the recent definition of Aitken-Neville sets.

The recent paper [CGS08] explores the relationship of Aitken-Neville sets, introduced in [SX], to generalized principal lattices, introduced in [CGS06]. Both are subsets X of F^d (with F equal to R or C) that are n-correct for some n in the sense that, with

Π_{≤n}

the collection of polynomials on F^d of (total) degree ≤ n, the restriction map

(1) Π_{≤n} → F^X : p → p_X := (p(x) : x ∈ X)

is invertible, hence arbitrary values given at X can be interpolated uniquely by some polynomial of degree ≤ n. In particular, #X = dim Π_{≤n}.

Both kinds of sets have considerably more structure than that (see the definitions below). [CGS08] proves that any generalized principal lattice is an Aitken-Neville set and gives simple examples to show that the converse does not hold. The present note makes more precise how the two notions differ and then proposes an appropriate relaxation of the definition of a generalized principal lattice that makes the two notions equivalent. In the process, some of the arguments from [CGS08] are simplified.

Standard multiindex notation is used. In particular,

|α| := α(0) + · · · + α(d)

is the degree of the multiindex α = (α(0), . . . , α(d)) ∈ Z^{0:d}_+ ,

where, in an abuse of standard Matlab notation, 0:d is the set with elements 0, 1, . . . , d, i.e.,

0:d := {0, 1, . . . , d},

and Z_+ := {0, 1, 2, . . .}. With that, let

Γ_n := {γ ∈ Z^{0:d}_+ : |γ| = n}.

Also, let ϵ_j

be the particular multiindex with all entries 0 except for the jth which is 1. Finally, with another abuse of notation, X\x := {y ∈ X : y ≠ x}.

definitions

(2) Definition. A GC_n-set is a set X in F^d of cardinality ≥ dim Π_{≤n} for which, for each x ∈ X, there are ≤ n hyperplanes whose union contains X\x but not x.

Since any hyperplane is the zero-set of some polynomial of degree 1, it then follows that, for every x in such a GC_n-set X, there is a product ℓ_x of ≤ n polynomials of degree 1 that vanishes on all of X\x but not on x, and this implies that the linear map (1) is onto, hence necessarily dim Π_{≤n} ≥ #X, therefore dim Π_{≤n} = #X and the map (1) is invertible, hence X is n-correct, This implies that deg ℓ_x = n for all x ∈ X.

GC_n-sets were introduced in [CY] as those n-correct sets X whose corresponding Lagrange polynomials ℓ_x, x ∈ X, are products of polynomials of degree 1.

[CY] had two particular examples of GC_n-sets in mind, natural lattices and principal lattices.

(3) Definition. A natural lattice of degree n in F^d is of the form X = {x_K : K ∈ (^H_d )}, with H a collection of n + d hyperplanes in F^d in general position, meaning that every subset K of d hyperplanes in H has exactly one point in common, call it x_K, with different subsets resulting in different points.

Such a natural lattice is evidently a GC_n-set, with X\x_K contained in the union of the hyperplanes in H\K which does not contain x_K.

(4) Definition. A generalized principal lattice of degree n (or, GPL_n-set for short) is a set X in F^d that can be so indexed as X = {x_α : α ∈ Γ_n} that, for some collection H := (H^j_i : i ∈ 0:(n − 1), j ∈ 0:d) of hyperplanes and all applicable α ∈ Γ_n, r, and i, (5) ⋂ j≠r

H^j_{α(j)} = {x_α} ⊂ H^r_{α(r)}

while (6) x_α ∈ H^j_i =⇒ α(j) = i.

Note that, necessarily, #H = n(d+1), i.e., the hyperplanes H^j_i are pairwise distinct: Indeed, if H^j_i = H^r_s for some i, s < n, then, by (5), x_α ∈ H^j_i = H^r_s for any α with α(j) = i, hence (6) implies that α(r) = s for any such α, which is nonsense unless j = r, in which case it implies that i = s.

A GPL_n-set is a GC_n-set: For, by (5), X\x_α is contained in the union of the ≤

∑_d j=0 α(j) = |α| = n hyperplanes H^j_i with i < α(j) since, for any β ∈ Γ_n\α, we must have β(j) < α(j) for some j, while, by (6), that union does not contain x_α.

(7) Remark. This conclusion does not use the full power of either (5) or (6). In fact, it only uses (8) α(r) < n =⇒ x_α ∈ H^r_{α(r)} and (9) x_α ∈ H^j_i =⇒ α(j) ≤ i.

Generalized principal lattices were introduced (and analyzed) in [CGS06], as a generalization from the bivariate situation in [CG05] and [CG06], however in the following different, though equivalent, form: Additional hyperplanes are required to exist, namely, for each j ∈ 0:d, a hyperplane H^j_n intersecting X only at x_{nϵj} is required to exist and, correspondingly, (5) is usually stated

{x_α} = ⋂ j≠r

H^j_{α(j)} = d⋂ j=0 H^j_{α(j)},

where now also α(j) = n can appear. However, since these hyperplanes H^j_n are not uniquely defined by X nor do they play any role in the GC_n-structure of X, it seems unnecessary to bring them in in the first place. Also, (6) is usually stated

(10) ∀α ∈ (0:n)^{0:d} d⋂ j=0 H^j_{α(j)} ∩ X ≠ ∅ =⇒ α ∈ Γ_n.

However, (6) and (10) are equivalent in the presence of (5). First, (6) implies (10): If

x_β ∈ d⋂ j=0 H^j_{α(j)}

for some α ∈ (0:n)^{0:d} and some β ∈ Γ_n, then, by (6), β(j) = α(j), all j, hence α = β ∈ Γ_n, at least for α ∈ (0:(n−1))^{0:d} and β(j) < n for all j; by the choice of the H^j_n, the case α(j) = n can happen only if β = nϵ_j and, in that case, (6) implies that α(r) = 0 for all r ≠ j, hence again α = β ∈ Γ_n. Also, as already stated in [CGS06: Remark 2], (10) implies (6) in the presence of (8) (hence of (5)): If x_α ∈ H^j_i then, by (8), x_α ∈ ∩^d_{r=0}H^r_{β(r)} with β := α + (i − α(j))ϵ_j , hence, by (10), β ∈ Γ_n and so, in particular, i = α(j).

Note that any GPL_n-set is the lattice transform (in the sense of [CY]) of the standard principal lattice A := {α_| : α ∈ Γ_n}, with x_| := (x(j) : j = 1:d) for x ∈ R^{0:d}, with the collection K of hyperplanes

K^j_i := {x_| : x ∈ R^{0:d}, x(j) = i}, i ∈ 0:(n − 1), j ∈ 0:d,

and with Φ : A → X : α_| → x_α and Ψ : K → H : K^j_i → H^j_i . Further, because #H = n(d + 1) = #K, Ψ is 1-1, hence ([CGS08]) any two GPL_n-sets in F^d are lattice transforms of each other.

While [CY] correctly credit [N] with coining the term ‘principal lattice’ (actually, [N] uses ‘principal lattice of the d-simplex’), the recognition that the standard principal lattice just described is n-correct (at least for d = 2) goes back at least to [Bi]. Perhaps the major contribution of [N] is to have stimulated [CY].

The following generalization, suggested by (7)Remark, of GPL_n-sets requires much less yet, by (7)Remark, still provides GC_n-sets.

(11) Definition. A fully generalized principal lattice of degree n (or, FGPL_n-set for short) is a set X in F^d that can be so indexed as X = {x_α : α ∈ Γ_n} that (8) and (9) hold for some collection (H^j_i : i ∈ 0:(n − 1), j ∈ 0:d) of hyperplanes and all applicable α ∈ Γ_n, r, and i.

In what follows, for any A ⊂ F^d, conv A and ♭A denote, respectively, the convex hull of A and the affine space or flat spanned by the elements of A. (12) Definition ([SX]). An Aitken-Neville set (or, configuration) of degree n (or AN_n-set, for short) is a set X in F^d that can be so indexed as X = {x_α : α ∈ Γ_n} that

(13) {x_{β+kϵj} : j ∈ 0:d} is 1-correct, β ∈ Γ_{n−k}, k ∈ 1:n, and (14) α ∈ conv{β + kϵ_j : j ∈ J} =⇒ x_α ∈ ♭{x_{β+kϵj} : j ∈ J}, β ∈ Γ_{n−k}, k ∈ 1:n, J ⊂ 0:d, α ∈ Γ_n.

Note that the implication in (14) vacuously holds for J = ∅ and is implied by (13) for J = 0:d. Aitken- Neville sets were introduced in [SX] as precisely the kind of n-correct sets for which the natural multivariate generalization of the classical Aitken-Neville process is available, as shown in [SX] (and recalled in more detail at the end of this note).

results (15) Proposition. Any AN_n-set X = {x_α : α ∈ Γ_n} is a FGPL_n-set, with the hyperplanes given by

(16) H^j_i := ♭{x_{iϵj +(n−i)ϵr} : r ≠ j}, i ∈ 0:(n − 1), j ∈ 0:d.

Proof: For each i ∈ 0:(n−1) and j ∈ 0:d, the set {x_{iϵj +(n−i)ϵr} : r ∈ 0:d} is, by assumption, 1-correct, hence H^j_i is, indeed, a hyperplane and, again by assumption, it contains all x_α with α ∈ conv{iϵ_j + (n − i)ϵ_r : r ≠ j}. In particular, if α(j) = i, then α = ∑ r≠j

α(r) n − i

(iϵ_j + (n − i)ϵ_r) ∈ conv{iϵ_j + (n − i)ϵ_r : r ≠ j},

therefore x_α ∈ H^j_i ; this proves (8). Further, (8) implies that, for any α ∈ Γ_n with k := α(j) − i > 0 for some j, each x_{(α−kϵj )+kϵr} with r ≠ j is in H^j_i , therefore x_α itself cannot be in H^j_i since, otherwise, H^j_i would contain the entire set {x_{(α−kϵj )+kϵr} : r ∈ 0:d} which, by assumption, is 1-correct, contradicting the fact that H^j_i is a hyperplane. In short, x_α ∈ H^j_i implies α(j) ≤ i, i.e., (9) holds.

(17) Corollary ([CGS08]). Any AN_n-set X is a GC_n-set.

(18) Corollary. The hyperplanes defined in (16) in terms of the labeling X = {x_α : α ∈ Γ_n} of an AN_n-set satisfy

(19) H^j_{β(j)} = ♭{x_{β+kϵr} : r ≠ j}

for all k ∈ 1:n and all β ∈ Γ_{n−k}.

Proof: For any such β, γ := β + kϵ_j is in Γ_n and satisfies k = γ(j) − i with i := β(j), hence, as we observed in the preceding proof, H^j_i contains the d-set {x_{β+kϵr} : r ≠ j}, and, as this set is affinely independent, its affine hull must be all of H^j_i .

(20) Proposition. Any X = {x_α : α ∈ Γ_n} satisfying (5) (hence (8)) and (9) with respect to some hyperplanes H^j_i , i ∈ 0:(n − 1), j ∈ 0:d, is an AN_n-set, and the H^j_i must be as given in (16), hence satisfy (19).

Proof: Let k ∈ 1:n, β ∈ Γ_{n−k}.

Then {x_{β+kϵj} : j ∈ 0:d} is affinely independent. Indeed, in the contrary case, there would be some r so that x_{β+kϵr} ∈ ♭{x_{β+kϵj} : j ≠ r} ⊂ H^r_{β(r)},

the set inclusion since H^r_{β(r)} is an affine set and contains, by (8), each x_{β+kϵj} for j ≠ r, and this would contradict (9) since (β + kϵ_r)(r) > β(r).

Further, let ∅ ≠ J ⊂ 0:d. Then

(21) ♭{x_{β+kϵj} : j ∈ J} = ⋂ j∉J

H^j_{β(j)}.

Indeed, by (8), each x_{β+kϵj} is in every H^r_{β(r)} for all j ≠ r, hence we have the containment ⊂ in (21). But, by the affine independence just proved, we know the left-hand side to be of dimension #J − 1, while, by (5), we know the hyperplanes on the right-hand side to be in general position (as a subset of a set of d hyperplanes in F^d having exactly one point in common), hence the intersection has dimension d − #((0:d)\J) = #J − 1, too, therefore must equal the left-hand side.

With that, any γ ∈ Γ_n ∩ conv{β + kϵ_j : j ∈ J} satisfies γ(r) = β(r) for r ∉ J, hence, by (8) and (21),

x_γ ∈ ⋂ r∉J

H^r_{γ(r)} = ⋂ r∉J

H^r_{β(r)} = ♭{x_{β+kϵj} : j ∈ J}.

(22) Remark. The full strength of (5) is used here only at one point, namely to ensure that the H^j_{β(j)}, j ≠ r, are in general position. However, since |β| < n here, this only requires the condition

(23) α(r) > 0 =⇒ # ⋂ j≠r

H^j_{α(j)} = 1.

Even in the presence of (8), which implies that ∩_{j≠r} H^j_{α(j)} ⊃ {x_α}, this condition is weaker than (5) since it does not imply that ∩_{j≠r} H^j_{α(j)} = {x_α} for α(r) = 0. A simple example is provided by the natural lattice in (25) below which satisfies (8) and (23) but fails to satisfy (5) for any r and for α = ϵ_i + ϵ_j with {r, i, j} = 0:2.

e_0

e_2 v_1

v_2 e_1 v_0

H^1_0 H^0_0

H^1_1

H^0_1

H^2_1

H^2_0 e^0 e_2 v_1

v_2 e_1 v_0

H^1_0 = H_1 H_0 = H^0_0

H_3 = H^r_1

H_2 = H^2_0

Figure. A natural lattice labeled as an AN_2-set (right), and its perturbation into a GPL_2-set (left).

Since any GPL_n-set satisfies (5) and (9), we have (24) Corollary ([CGS08]). Any GPL_n-set X is an AN_n-set.

(25) Example: Planar AN_2-sets.

Let X be a planar AN_2-set. Then X = {v_0, v_1, v_2, e_0, e_1, e_2}, with v_j := x_{2ϵj} , e_j := x_{Σi≠j ϵi} , j ∈ 0:2.

Further, for any permutation (r, s, t) of (0, 1, 2), H^s_0 = ♭{v_r, e_s, v_t}, H^s_1 = ♭{e_r, e_t}.

Finally, with β = 0, we know {x_{β+2ϵj} : j ∈ 0:2} = {v_0, v_1, v_2} to be 1-correct, hence H^r_0 ∩ H^s_0 = {v_t}. In particular, the H^r_0 are pairwise distinct. Also, with |β| = 1, hence β = ϵ_r say, we know {x_{β+ϵj} : j ∈ 0:2} = {v_r, e_s, e_t} to be 1-correct, hence H^r_0 ∩ H^s_1 = {e_r}. Therefore, also none of the H^r_0 equals any of the H^s_1 . But there is, offhand, no such restriction among the H^j_1 , except that, if H^r_1 = H^s_1 , then also H^r_1 = H^t_1. Thus, a planar AN_2-set involves either 6 or 4 (planar) hyperplanes. In the first case, it is a GPL_2-set, in the second, it is not but is (see the Figure) a natural lattice of degree 2. In the second case, it fails to be a GPL_2-set because the hyperplanes H^j_i are not all pairwise distinct, hence (6) must fail, and it does: e_j ∈ H_3 = H^j_1 , yet e_j (j) ≠ 1.

Incidentally, any planar GC_2-set X is necessarily an AN_2-set since, for each x ∈ X, at least one of the two hyperplanes containing X\x must be a maximal, i.e., must contain three points of X, hence there must be at least three maximals. Pick three maximals. Then the union of these three contains all of X. If x lies on two of these maximals, it is one of the v_j , while any x that lies on only one of these three maximals is one of the e_j . Thus the left-hand picture in the Figure shows the most general planar GC_2-set, – except that the e_j are chosen to be nearly collinear, to make the set nearly a natural lattice (which is the only planar GC_2-set with four maximals).

(26) Proposition ([CGS08]). Every natural lattice of degree 2 is an AN_2-set, hence the class AN is strictly larger than the class GPL.

Proof: Let H_0, . . . , H_{d+1} be hyperplanes in F^d in general position, and, with y_{i,j} the unique point of intersection of the d hyperplanes H_k with k ≠ i, j and i < j, set

x_{ϵi +ϵs} := y_{i,j} , with s := { i, j = d + 1 j, otherwise.

Then, for β = 0, {x_{β+2ϵj} : j ∈ 0:d} is the natural lattice of degree 1 obtained from H_0, . . . , H_d, hence 1-correct. Further, for |β| = 1, necessarily β = ϵ_i for some i, and then {x_{β+ϵj} : j ∈ 0:d} is the natural lattice obtained from the H_k with k ≠ i, j, therefore also 1-correct. Finally, the only indices in the convex hull of other indices are the indices ϵ_i + ϵ_j = (2ϵ_i + 2ϵ_j )/2 for i ≠ j and, by construction, x_{ϵi+ϵj} is, indeed, in the affine hull of x_{2ϵi} and x_{2ϵj} (which is the intersection of the d − 1 hyperplanes H_k with k ∈ (0:d)\{i, j}).

(27) Proposition. A set X in F^d is an AN_n-set if and only if it is a FGPL_n-set satisfying

(23) α(r) > 0 =⇒ # ⋂ j≠r

H^j_{α(j)} = 1.

Proof: By (20)Proposition and (22)Remark, any FGPL_n-set satisfying (23) is an AN_n-set. Assume, conversely, that X is an AN_n-set with respect to a certain labeling X = {x_α : α ∈ Γ_n}. Then (15)Proposition shows that X is a FGPL_n-set with the hyperplanes H^j_i , i ∈ 0:(n−1) and j ∈ 0:d, defined in (16) in terms of that labeling of X. Hence it remains to prove (23). For this, with k := α(r) > 0 and β := α − kϵ_r, and by (18)Corollary, ⋂ j≠r

H^j_{α(j)} = ⋂ j≠r

♭{x_{β+kϵt} : t ≠ j},

and we recognize the right-hand side as the intersection of the d facets, of the nondegenerate simplex with vertices x_{β+kϵt} , t ∈ 0:d, that contain x_{β+kϵr} = x_α, hence that intersection comprises exactly one point, x_α.

(28) Corollary [CGS08]. If X is an AN_n-set, then X is a GPL_n-set if and only if

(29) x_α ∈ H^j_i =⇒ α(j) ≥ i.

Proof: Since (6) implies (29), we only have to prove the “if”. For this, we note that (29) together with (9) (known to be true for any AN_n-set, by (15)Proposition) implies (6), while (8) (known to be true for any AN_n-set, by (15)Proposition) together with (23) implies (5) except for the claim

(30) α(r) = 0 =⇒ ⋂ j≠r

H^j_{α(j)} = {x_α}

when α(j) < n for all j ≠ r. But for such α, k := α(s) > 0 for some s ≠ r and, with β := α − kϵ_s, we conclude from (21) (applicable, by (22)Remark, since we know (23)) that ∩_{j≠r,s}H^j_{α(j)} = ♭{x_α, x_{α−kϵs +kϵr} } while (6) implies that x_{α−kϵs +kϵr} ∉ H^s_{α(s)}, and (30) follows.

My initial attempts at finding some FGPL_n-set that is not an AN_n-set were ultimately defeated because of the following (31) Theorem. AN_n = FGPL_n.

Proof: Because of (27)Proposition, we only need to prove that any FGPL_n-set X = {x_α : α ∈ Γ_n} with corresponding hyperplanes (H^j_i : i ∈ 0:(n − 1), j ∈ 0:d) satisfies

(23) α(r) > 0 =⇒ # ⋂ j≠r

H^j_{α(j)} = 1.

This is known to be true when α(j) = 0 for all j ≠ r since then each H^j_{α(j)} with j ≠ r is maximal for X in the sense that #(X ∩ H^j_{α(j)}) is as large as possible since it equals dim Π_n(H^j_{α(j)}), and, according to [B], the maximals for any GC_n-set are in general position.

Hence, to finish the proof, it suffices to prove (23) by induction on n under the additional assumption that α(j) > 0 for some j ≠ r. In that case, x_α is in

X_{\j} := {x_β := x_{β+ϵj} : β ∈ Γ_{n−1}},

and one verifies that this is a FGPL_{n−1}-set in F^d, with

K^r_i := { H^r_i , r ≠ j H^j_{i+1}, r = j } , i ∈ 0:(n − 2), r ∈ 0:d,

the corresponding hyperplanes, hence, with β := α − ϵ_j , # ⋂ s≠r K s β(s) = 1 by induction hypothesis while ⋂ s≠r K s β(s) = ⋂ s≠r H s α(s).

Here, finally, is a brief discussion of the background on Aitken-Neville sets.

Let X be a set so indexed as X = {x_α : α ∈ Γ_n} that (13) holds, hence, for each k ∈ 1:n and each β ∈ Γ_{n−k}, there is a unique interpolant P_β f from Π_{≤1} to arbitrary data values f_α given at the data sites x_α, α ∈ β + kΓ_1, with the interpolant necessarily writable in Lagrange form as

P_β f =: d∑ j=0 f_{β+kϵj} ℓ_{β,j} .

With this, [SX] introduces the following multivariate Aitken-Neville algorithm:

φ_β := { f_β , |β| = n ∑_d

j=0 φ_{β+ϵj} ℓ_{β,j} , |β| < n } , |β| = n, n − 1, . . . , 0.

Evidently, deg φ_β ≤ n−|β| (since each ℓ_{β,j} is of degree 1). The major result in [SX] concerning this algorithm is Theorem ([SX]). Assume that X = {x_α : α ∈ Γ_n} satisfies (13), and let φ_β , β ∈ Γ_n, be the polynomials generated by the Aitken-Neville algorithm. Then

(32) φ_β (x_γ ) = f_γ , γ ∈ β + Γ_k, β ∈ Γ_{n−k},

for k ∈ 1:n and for arbitrary f := (f_α : α ∈ Γ_n) if and only if X is an AN_n-set, i.e., if and only if X also satisfies (14).

In particular, assuming now X = {x_α : α ∈ Γ_n} to be an AN_n-set with this particular labeling, the resulting φ_0 is a polynomial of degree ≤ n matching the given values on all of X, and, as this holds for arbitrary data values and #X ≤ #Γ_n = dim Π_{≤n}, it follows that φ_0 is the unique interpolant from Π_{≤n} to the data values. More than that, it follows that

φ_0 = ∑ α∈Γ_n

f_αℓ_α,

with

(33) ℓ_α := ∑ j∈(0:d)^n,

∑_n

i=1 ϵ_{j(i)} =α n∏ i=1 ℓ∑_{r<i ϵj(r) ,j(i)} ,

which should lead to some interesting identities, given that all the summands in this formula for ℓ_α necessarily are scalar multiples of ℓ_α since they all have the union of (H^j_i : i < α(j), j ∈ 0:d) as their zero set (with H^j_i as defined in (16)).

Note that, with the simple change ℓ_{β,j} → ℓ_j , the Aitken-Neville algorithm becomes the de Casteljau algorithm:

φ_β := { f_β , |β| = n ∑_d

j=0 φ_{β+ϵj} ℓ_j , |β| < n } , |β| = n, n − 1, . . . , 0,

in which the ℓ_j are the Lagrange polynomials for interpolation from Π_{≤1} at the d + 1 vertices of a simplex in general position in R^d and φ_0 = ∑ β∈Γ_n

f_β (^n_β )ℓ^β

is the Bernstein-Bézier form of the polynomial φ_0 with respect to that set of vertices, i.e., the f_β being the coefficients and ℓ^β := ℓ^{β(0)}_0 · · · ℓ^{β(d)}_d .

Acknowledgment I am grateful to Jesús Carnicer, Mariano Gasca, and Tomas Sauer for several helpful conversations concerning their paper [CGS08], and for the internet for making these conversations possible. I also thank the two referees for a very careful and helpful reading of the ms.

References [Bi] Otto Biermann, Über näherungsweise Cubaturen, Monatsh. für Math. Phys. XIV (1903) 211–225. [B] C. de Boor, Multivariate polynomial interpolation: conjectures concerning GC-sets, Numer. Algorithms 45 (2007) 113–125.

[CG05] J. M. Carnicer, M. Gasca, Generation of lattices of points for bivariate interpolation, Numer. Algorithms 39(1-3) (2005) 69–79.

[CG06] J. M. Carnicer, M. Gasca, Interpolation on lattices generated by cubic pencils, Advances in Comp.

Math. 24 (2006) 113–130.

[CGS06] J. M. Carnicer, M. Gasca, T. Sauer, Interpolation lattices in several variables, Numer. Math. 102 (2006) 559–581.

[CGS08] J. M. Carnicer, M. Gasca, T. Sauer, Aitken-Neville sets, principal lattices and divided differences, J.

Approx. Theory xx (200x) xxx–xxx.

[CY] K. C. Chung, T. H. Yao, On lattices admitting unique Lagrange interpolations, SIAM J. Numer. Anal.

14(3) (1977) 735–743.

[N] R. A. Nicolaides, On a class of finite elements generated by Lagrange interpolation, SIAM J. Numer.

Anal. 9 (1972) 435–445.

[SX] T. Sauer, Yuesheng Xu, The Aitken-Neville scheme in several variables, in: C. K. Chui, L. L. Schumaker, and J. Stöckler (Eds.), Approximation Theory X: Abstract and Classical Analysis, Vanderbilt University Press, Nashville, 2002, pp. 353–366.