Approximation Order
without Quasi-Interpolants

Carl de Boor

Abstract. In the study of approximation order, particularly in a multi-
variable setting, quasi-interpolants have played a major role. This report
points out some limitations of quasi-interpolants and describes some re-
cent results on approximation order obtained without the benefit of the
quasi-interpolant idea.

§1. Approximation Order
In most general terms, “approximation order” is defined as follows.

Definition 1.1. The indexed collection (S}y) (with h — 0) of linear subspaces
of some normed linear space X has (exact) approximation order k, in symbols:

ao((Sh)h) = k‘,

provided

(i) for all “smooth” f, dist(f,Sy) = O(h¥) (lower bound)
(ii) for some “smooth” f, dist(f,Sp) # o(h¥) (upper bound)

This definition raises many questions.

e norm? In this report, I will usually consider X = L,(G), with G
some ‘suitable’ subset of R?, e.g., either a bounded convex body, or else all of
R?. In fact, the major results reported are for G = R% and p = 2 or p = 0.
With X such a function space,

Xe

denotes the subspace of compactly supported f € X.

e “smooth”? With X as chosen, a typical choice for “smooth” is that
f be in the Sobolev space W} (G) (written W*»(G) in [1]. If G is bounded and
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2 Carl de Boor

there is no specification of the expected constant in O(h¥), then it is usually
sufficient to define “smooth” to mean “polynomial”. In that case, it is usually
a polynomial of homogeneous degree k that furnishes the upper bound.

e how does O(h*) depend on f? The definition of approximation
order permits, offhand, the possibility that the constant in the O(h*) term of
1.1(i) depends in some entirely unspecified way on f. It is more satisfactory,
though, if this dependence can be made explicit, for example in the terms
that specify “smoothness”. Thus a desirable strengthening of 1.1(i) is that

sup dist(f, Sn)
nt EIFl ey

with the finiteness of || f||(x) defining that f is “smooth”. Theorems 7.1, 6.3
and 6.4 below give such results.

e S;?7 In this report, I will deal only with the following choices:

o Each S}, is a space of piecewise polynomial (=: pp) or, more generally,
piecewise exponential (=: pe) or piecewise analytic (=: pa) functions, and
h is the “meshsize” of the underlying partition A (consisting, typically,
of convex bodies, such as simplices and the like).

o (Sp) is a scale, i.e.,

Sp=o0rS :={f(:-/h): f €S},

with S some fixed space of functions. In this case, I will use the abbrevi-
ation

ao(S) := ao((on5)4) -

Such an indexed collection (S},) is called stationary, in order to distin-
guish it from the next example.

o More generally, we might have S;, = 0,5, a case referred to as non-
stationary (in case the S do change with h). Note that, in either case,
the space S}, is given as the h-dilate of some space. This is done since, in
certain arguments, it is more efficient to deal with the scale-ups oy, Sn
than with the spaces Sp themselves. In the stationary case, this amounts
to considering the approximation of

fni=o0ounf=f(h)

from the fized space S.

o Of particular interest in this report (and in much current work in approx-
imation theory, in part because of the current interest in wavelets) is the
case when each S” is shift-invariant, i.e., closed under shifts := integer
translations.



Approximation Order without Quasi-Interpolants 3

§2. Shift-invariance

A collection S of functions on R? is called shift-invariant if
gesS = g(-+a)e s foral acZ

(where Z? is the set of d-vectors whose entries are integers).
For example, the space

p
1PN

of all pp C’-functions of total degree < k on some partition A is shift-invariant

in case the partition is shift-invariant in the sense that

A+a=A foral acZ®.

Examples of interest include the three- and four-direction mesh popular in
the bivariate box spline literature.
The simplest (nontrivial) example of a shift-invariant space is the space

Si(9)i= { 3 ol —a)ee): c € fo(2)

a€Z4

of all finite linear combinations of the shifts of one function, ¢. This is the
shift-invariant space generated by ¢ since it is the smallest shift-invariant
space containing . If Sp(p) is contained in our normed linear space X of
interest, then we follow [6] and write

S(p) = Sole)”

for the closure of Sp(p) in X and call it the principal shift-invariant, or PSI,
space generated by .
More generally, if ® is a finite collection of functions on R¢, then we set

So(®) == > Soly)

ped

and call

S(®) = So(®)”

a finitely generated shift-invariant, or FSI, space, and call ® its set of genera-
tors. The structure of PSI and FSI spaces in Ly(R?) is detailed in [6] and [7],
with particular emphasis on the construction of generating sets for a given FSI
space having good properties (such as ‘stability’ or ‘linear independence’).

It is natural to consider approximations from S(y) in the form

prei= Y ol —a)e(a)

a€eZd

for a suitable coefficient sequence ¢. However, offhand, such a sum makes
sense only for finitely supported ¢, and one of the technical difficulties in
ascertaining the approximation order of S(¢) derives from the fact that, in
general, S(p) may contain elements which cannot be represented in the form
p+*c for some sequence ¢, with the series ¢*c converging in norm.
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63. Quasi-interpolants

In the spline and finite-element literature, lower bounds for ao((Sy),) are
usually obtained with the aid of a corresponding sequence (Qp), of linear
maps, with ran @), C Sp, which is a ‘good quasi-interpolant sequence of order
k’ in the sense of the following definition.

Definition 3.1. (Qp)y is a good quasi-interpolant sequence of order k if it
satisfies the following two conditions:
(i) uniformly local: For some h-independent finite ball B and all x € G,

[(@nf)(@)| < const || flatnsll;
(ii) polynomial reproduction: Qpf = f for all f € Ty.

Here,
Heg

denotes the collection of all polynomials in d arguments of total degree < k.

The term ‘quasi-interpolant’ is used in the finite element literature (see,
e.g., [26] to stress the fact that Qp f does not necessarily match function values
at all the nodes of the finite elements used, but ‘merely’ reproduces certain
polynomials. [4] contains a recent survey of the use of quasi-interpolants in
spline theory.

To recall, the standard use made of such a good quasi-interpolant se-
quence is to observe that, for arbitrary f and arbitrary g € 14,

[f (@) = Qunf(x)] = [(1 = Qn)(f — g)(x)] < const [[(f = g)ja+nsll ;

which provides a bound on ||f — Qnf|| in terms of how well f can be ap-
proximated from II.; on a set of the form x + hB, giving the error bound
constp h¥|| f|| () in which || f||(x) measures the ‘size’ of the k-th derivatives of
f and which provides the desired O(h¥). If our space X is L,, for some p < oo,
then this argument has to be fleshed out a bit (see, e.g., [20]).

Since this argument is so simple and effective, there have been various
generalizations. For example, since the argument relies on how well f can be
approximated locally from 1., it has been observed (e.g., in [15], [11], [22])
that it is sufficient to have @}, reproduce a translation-invariant space H (e.g.,
a space of exponentials) which is ‘locally close’ to Il (in the sense defined
at this section’s end).

As another example, if S, = 0,S(¢p), then it is natural to construct Qp f
in the form

orhQfn
(recall that fj, := 015, f) with

Qf =) ¢(-—a)Af(-+a)
a€Zl

for some suitable linear functional . Since, for any linear functional A (defined
at least on II.) and any f € I, a — Af(-+ «) is polynomial of degree < k



Approximation Order without Quasi-Interpolants 5

in o, this approach requires that ¢xc be at least well-defined for sequences ¢
with some growth at infinity. In the original context of a compactly supported
¢ (e.g., as in [27]), this is no problem. However, with the recent interest in
radial basis functions (see, e.g., [24]) and wavelets, also noncompactly sup-
ported ¢ have to be considered and, for these, the quasi-interpolant approach
(as used, e.g., in [23], [16], [20], and [2]) requires that ¢ satisfy the condition
o(z) = O(Jz|797%7¢) at co for some positive ¢ (and forces one to make do
with @ which is only ‘essentially local’). In particular, the higher the desired
approximation order, the faster must ¢ decay at infinity.

There are other costs associated with the quasi-interpolant approach. For
example, it works, offthand, only with integer values of k. Also, it requires that

NnSh # {0} .

The artificiality of this last restriction is nicely illustrated by the following
simple example, from [15]:

Example 3.2. (Dyn, Ron). Let d = 1, p = 0o, and let S;, be the span of the
hZ-translates of the piecewise linear function

- z+1, 0<x<h;
Ph 0, otherwise .

Thus S} consists of certain piecewise linear functions, with breakpoint se-
quence hZ, but the only polynomial (hence the only analytic function) it
contains is the zero polynomial. In particular, it is not possible to construct
a quasi-interpolant of positive order for it. Nevertheless, the approximation

Qnf =Y on(-— I

JERL

has the error

F=Quf=F=)_x,(=NIG) + >, —en)-—NIG),

JERZ JERZ

with x, the characteristic function of the interval [0.. h). Since |[x, —¢nllcc =
h,
1f = Qnflloc Swp(h) + [ flloch ,

where wy is the modulus of continuity of f. It follows that Qj f converges to
f uniformly in case f is uniformly continuous and bounded. |

This example could still be treated by an appropriate generalization of
the notion of quasi-interpolant. Specifically, one could consider a good quasi-
interpolant sequence (Qp) of positive local order k, meaning that (Qp) is
uniformly local and that

Qnf = f+O(fisll ")
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on hB for any f € II.;. A sufficient condition for this is that @), = 1 on a
D-invariant space H of entire functions which is locally close to Il in the
sense that its ‘limit at the origin’ (cf. [10]), H|, contains IIj. Here,

H| :=span{f, : fe H}, (3.3)

where f| is the initial, i.e., the first nonzero, term in the expansion f =
fo+ fi + fa+--- of f into homogeneous polynomials f; of degree j, all j.
Thus, for any f € I}, there exists g € H with f = g+O(|h|*) on hB, hence,
on hB, Qnf = Qng+O(|h|*) = g+ O(|h]*) = f+O(n|*) = f+O(| fi5lIh]*)
(the last equality by the fact that I is finite-dimensional).

Still, the point of the example should be clear.

Finally, the quasi-interpolant approach is of no help with upper bounds.

84. Upper Bounds

Upper bounds for ao((Sy)n) have to be fashioned separately for each case
(much as the details of a quasi-interpolant sequence have to be so fashioned).
The general principle employed is duality, which provides the following well-
known observation.

If Y is a linear subspace of the normed linear space X, and A € X* with
ALY (ie., Ais a continuous linear functional on X which vanishes on all of
Y), then, for any x € X and any y € Y, Az = Az —y) < ||[Al|||lx — y||, hence
|IAz| < ||A||dist(x,Y). In other words,

ALY = dist(z,Y) > — .

As a simple application, consider ao(.S) for
X =L(G), S= H’;,“A .
Assume without loss of generality that G is the d-dimensional cube,
G=C:=[-1..1%,

let 6 be any element in the partition A, and let g be any nontrivial homoge-
neous polynomial of degree k. If e is the error in the best Ls(d)-approximation
to g from Il.4, then the mapping

)\:LOO—>R:fr—>/6€f

(i) is a bounded linear functional;
(ii) is orthogonal to S, since all A sees of f € S is its restriction to J, and on
0 each f € S is just a polynomial of degree < k;
(iil) satisfies A\g = [5ee > 0.
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Now consider A, f := [5ef(h-). Then

(i) Ap is a bounded linear functional, with hA-independent norm

Inll = / e| = Asignum(e) ,
)

where signum(e) : x — signum(e(x)).
(ii) Ap L Sp := oS, since g € Sy, is of the form f(-/h) for some f € S.
(iii) Using the homogeneity of g, one computes that A\pg = [ eg(h-) = h* Jseg
= h¥\g with \g > 0.
So, altogether,
dist(g, Sp) > h*(Ag/Asignum(e)) ,

showing that ao(HijA) < k.

If we try the same argument for p < oo, we hit a little snag. Take, in
fact, p at the other extreme, p = 1. There is no difficulty with (ii) or (iii), but
the conclusion is weakened because (i) now reads

@) [Anll = supser, | [yef(h)I/IfII < llejslloo supser, sy Js 1f(hI/1 Il

and the best we can say about that last supremum is that it is at most h—¢
since [5 f(h-) = [, 5 f/h®. Hence, altogether, ||A4]| < const /h?.
Thus, now our bound reads

dist 1 (g, Sp) > h* const /(const /h?) # o(h*+%)

which is surely correct, but not very helpful.

What we are witnessing here is the fact that the error in a max-norm
approximation is indeed localized, i.e., it occurs at a point, while, for p < oo,
the error ‘at a point’ is less relevant; the error is more global; one needs to
consider the error over a good part of G. Further, in the argument below, I
need some kind of uniformity of the partition A, of the following (very weak)
sort (in which |A| denotes the d-dimensional volume of the set A, and C
continues to denote the cube [—1..1]%):

Assumption 4.1. There exists an open set b and a locally finite set I C R?
(meaning that I meets any bounded set only in finitely many points) so that

(o) b+ I is the disjoint union of b+ i, i € I, with each b+ i lying in some
d € A (the possibility of several lying in the same § is not excluded);
(B) for some const > 0 and all n, |(b+ I) N nC| > const |nC|.

For example, any uniform partition of R satisfies this condition. As an-
other example, if d = 2 and A is the three-direction mesh, then A consists
of triangles of two kinds, and taking b to be the interior of one of these tri-
angles and I = Z* guarantees («), while () holds with const = 1/2. On the
other hand, Shayne Waldron (a student at Madison) has constructed a neat
example to show that the Assumption 4.1 is, in general, necessary for the
conclusion that ao(Hi k. A) < k. The example uses p = —1 and arbitrary k,
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d=1,G=[-1..1], p=1, and A obtained from Z by subdividing [j..j + 1]
into 2171 equal pieces, j € Z.

With Assumption 4.1 holding, define A as before, but with b replacing
the element ¢ of A. Further, assume without loss that C' C G, and define

)\hf::/ber(h--l-i),

i€ly

where
In:={icI:b+iCC/h}.
This gives:
(D)1
Il < sup it Josi €l

= [leplloo/BT
feELy Ziejh fh(b-q—i) |f| |

using the fact that the sum b + I, is disjoint.

Hence, we didn’t worsen our situation here. We also didn’t sacrifice (ii)
because, by assumption, each b + ¢ lies in the interior of some § € A, and
therefore fb ef(h-+1t) =0 for every f € S,. But we materially improved the
situation as regards (iii), for we now obtain

(iii)1
)\hg:/eZg(h~+i):hk/eZg:hk const #1j,
b €1y, b i€l
with
#1;, = |b+ I|/|b| > const |C'/h|/|b| = const /h? .

With this, our conclusion is back to what we want:
dist 1 (g, Sp) > (h* const /h?)/(const /h%) # o(h¥) .

Note that this lower bound on the distance only sees S as a space of pp’s
of degree < k, hence is valid even when we take the biggest such space, i.e.,
the space

Mg A

of all pp functions of degree < k on the partition A. For this space, it is not
hard to show that the approximation order is at least k, since approximations
can be constructed entirely locally. Thus,

ao(llcpn) =k .

For this reason, this is called the optimal approximation order for a pp space
of degree < k.
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Such a local construction of approximations is still possible for Hi kA (at
least in the uniform norm; it would be interesting to run down this argument
for the 1-norm), hence, at least in the uniform norm,

ao(IlZ, A) =k for p<0.

However, for p > 0, the story is largely unknown, with first results in [5] and
[19].

I became sensitized to the issue that the derivation of upper bounds for
the approximation order from pa spaces requires much more care for p < oo
than for p = oo by the paper [22] in which ao((S)n) is carefully studied for
the case that each Sj is a piecewise exponential space. Here is their result
concerning upper bounds (in which the term ‘exponential’ is meant to describe
any function which is a linear combination, with polynomial coefficients, of
functions of the form x — exp(6-z)).

Theorem 4.2. (Lei, Jia). Let (Sn)n be an indexed collection of piecewise
exponential spaces on R? with the property that, for some open subset ) of
(0..1)% and every h and every o € Z, Shi@+a)h € H|(Q+a)n for some fixed
D-invariant finite-dimensional space H of exponentials for which IT, Z H| (as
defined in (3.3) ). Then, for any p in the range 1 < p < oo, ao((Sp)n) < k.

Here is my version of their proof (in which ||f||,(B) denotes the L, (B)-
norm of fp while ||al| is any norm of the n-vector a, and B}, is the Euclidean
ball with radius h centered at the origin). The special case of pp S}, treated
earlier is simpler since, in that case, H is also scale-invariant.

Let
V.= [U1;v27"'7v'ﬂ] :Rn —>Hl ZGHZUja(j>
J

be any homogeneous basis for H|.

I claim that any F' = [f1, fo,..., fn] : R® — H with f;| = v;, all j, is a
basis for H. For the proof (which also proves the inequality (4.3) of use later),
observe that ||Val,(Br) = |[Va"|,(B1) > |la"||/|V 1|, where

a = (PG [V = sup el /| Velly(Br) |

and ||V 7| is certainly finite. On the other hand, (v; — f;)(z) = O(|x|d8 vit1)
since v; = f;|, hence

I(F = V)allp(By) < hconstp [la"] .
Therefore, altogether,

[Fallp,(Br) = [[Vallp(Bn) = [(F = V)all,(Br)

> (1/HV_1|| — hconstp)||ah|| =: consty, p HahH ,
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which shows that F' is one-to-one (since the last expression is positive for all
sufficiently small h). Since dim H| = dim H by [10], this finishes the proof.

Now let ¢ be a homogeneous polynomial not in the range of V. Then
[q, V] is one-to-one, and is made up of the initial terms of the columns of [g, F'].
This permits substitution of [g, F] for F' in (4.3) (with const(, ;j = constp),
and so gives the conclusion that, for all a € R",

la — Fall,(Bu) = g, FI(1, ~a)ll,(By) > consty, g | (h/7+29, o)

> consty, p pd/ptdegq ,
hence

dist, (g, H)(By) = min ||¢ — Fa||,(By) > consty, p h%/PHdeed (4.4)

with limj,_gconst, p = 1/[|[V71]| > 0. Since we can choose degq = k by
assumption, this proves the upper bound when p = co. (I note in passing that
this argument could also have been phrased explicitly in terms of annihilating
linear functionals.)

As to the L,-argument, start with the observation that it is sufficient
to prove an upper bound for the Li-approximation order on any bounded G
since this implies the same upper bound for any p > 1 (including p = oo) and
for any G, bounded or not.

Thus, to establish the desired upper bound, it is sufficient to prove that

disty (g, Sn)(B,) > const h*

for some smooth ¢, some positive const, and any particular positive p.

For this, we now choose ¢ to be any homogeneous polynomial of minimal
degree not in H|. Then, for any z, ¢(-+2) = ¢+ Va., with ||a,|| < const |z,
and q(-+ z) — Fa=q— F(a —a,) + (V — F)a,, therefore

disty(q(- + 2), H)(By,) > disty (g, H)(By,) — hconstp ||a”].

This implies with (4.4) that there exist positive constants const, hg, R (de-
pending on F' and ¢) so that

dist (q(- + z), H)(By,) > const h4Tdesq (4.5)

for all h < hg, ||z]| < R.
By the translation-invariance of H (which follows from the assumed D-
invariance),

dist(q, H)(2h + z) = dist(q(- + z), H)(Qh)

while, by assumption, S;, € H on each (Q + a)h with o € Z?. Thus, from
(4.5) and using the fact that  contains some ball of positive radius, we find
that

dist1 (g, Sn)(B,) > Y _ disty(q(- + ah), H)(Qh) > const h89 h* #N |
aEN
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with

N:={ae€Z": (Q+a)h C B,,|ah| < R}
and with h < hg, where const > 0 and R > 0 are independent of h. Since
#N = O(h=9) for all small h, and degq < k, we are done. |

Further illustrations of the use of duality in the derivation of upper
bounds on ao(S) (albeit only for bivariate pp S) can be found in [9] and
its references.

65. The Strang-Fix Condition

The literature on ao(S(y)) for a compactly supported ¢ has been dominated
by the Strang-Fix condition. It concerns the behavior of the Fourier transform

p:&— | peg
Rd

of ¢ at the points of 27Z%. Here and below,
eg :RY = C: z — exp(if-z)

denotes the exponential function (with purely imaginary frequency i6). In
one of its many versions, the Strang-Fix condition reads as follows.

Definition 5.1. We say that ¢ satisfies SFy, in case

(i) 9(0) =1;
(ii) For all multi-indices « satisfying |a| < k we have D*@ = 0 on 2wZ\0.

Its importance derives from the following theorem, in which we use the

convenient notation
o' fi=Y" (- =) Q)
jezd
for the semidiscrete convolution of the two functions ¢ and f even if it requires
further discussion of just what exactly is meant by it when the sum is not
(locally) finite. Also, recall that L;(R%). denotes the compactly supported
functions in L (RY).

Theorem 5.2. (Schoenberg (d=1), Fix and Strang). For ¢ € Li(R?),, the
following are equivalent:

(a) @+ Iis degree-preserving on Ily: for all p in U<y, ox'p € p+ Hcdegp;
(b) ¢ satisfies SFy.

The proof is via the Poisson summation formula. Starting with [27], the
theorem is used to construct a good quasi-interpolant sequence (Qp) of order
k with ran @y C 0,S(¢). More than that, it forms part of an argument
that seems to show that ao(S(yp)) > k if and only if ¢/p(0) satisfies SFy.
The precise statement of this equivalence for X = Lo(R?) (see [27]) involves,
unfortunately, a restricted notion of approximation order called ‘controlled’
approximation. (According to [25], this restriction can be dropped for X =
Lo (RY) provided $(0) # 0.)

On a related issue, [27] reports the following
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Conjecture 5.3. (Babuska). The approximation order in Ly(R?) of the FSI
space S(®) with ® C Ly(RY), is already attained by some PSI space S(y)
with ¢ € So(q))

The actual version of this conjecture reported in [27] involves controlled
approximation and was eventually shown to be invalid by Jia in [18]. The
following correct version, involving yet another restricted notion of approx-
imation order called ‘local’ approximation, can be found in [8], with some
details actually attended to only in [20].

Theorem 5.4. (de Boor, Jia). Let ® be a finite subset of L,(R%)., and let
X = L,(R%). Then the following are equivalent:
(a) (0pS(®P)) has ‘local” approximation order k;
(b) some ¢ € Sy(P) satisfies SFy,.

This theorem verifies the version of the Babuska conjecture used in [14].
Further, [21] shows that (b) is equivalent to the statement
(b)" Some sequence (¢,,) in So(P) satisties SFy, “in the limit”.

Finally, [19] contains the following extension of work begun in [5]:
Theorem 5.5. (Jia). Let S be a univariate, shift-invariant, locally finite-

dimensional set of functions, closed under convergence on compact sets. Then
the following are equivalent:

(a) ao(SNL,R)) > k;
(b) Some ¢ € S, satisfies SF,.

§6. Approximation Order in L.,

In [13], Chui, Jetter and Ward introduce the commutator for ¢ € C(R?). as
the linear map

CRY) = CRY) : f = ¥ f — f¥'o

and use it for the construction of a good quasi-interpolant sequence (Qp) of
order k with ran Qp, C 0,S(p). For this, they prove the following.

Proposition 6.1. (Chui, Jetter, Ward). If ¢ belongs to C(R%). and satisfies
SF}., then
forall felle,, o¥f=fp.

Subsequently, it was observed in [3] that actually

for all f e S(p), oxf=fp, (6.2)

and this observation was exploited by A. Ron in [25] in the following simple
and surprising way. He observes that, as a consequence of (6.2),

for all feS(p), ox'eg—ept'o=px(eqg— f)—(eq— f¥p,
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(recall that eg : x — exp(if-z)), and this leads to the conclusion that

lpx'eg — eox"plloo < 2[|p#'|| o distos (€9, S(¢))
(with || [leo = | D neze [9(- — @)l|loo). Since (as pointed out by A. Ron)

*'eg — egx’
w ~ C _|._ Z 0 _|._ 271-0[ 60{ ,
€ Q€ZI\0

this throws new light on the connection between ao(S(y)) in L., and the
behavior of ¢ ‘at’ 27Z%.

[12] exploits this idea in the more general context of a ¢ € X := L (R%)
with the only requirement that ¢*’ be a bounded map from /., to X. Further,
while S(¢) is still taken to be the ‘closure’ of Sp(y), it is not taken as the norm-
closure but, in effect, as the largest shift-invariant space containing Sy(p) and
satisfying (6.2).

Here is the main result of [12] concerning upper bounds.

Theorem 6.3. ([12]). Let (¢p) be an indexed collection of elements of X :=
Loo(RY). Assume that @p*' : {o, — X is defined and bounded independently
of h, and that § € R?. If dist(eg, 01,S(¢n)) = O(h*), then

Z |Pn(h6 + 27a)|? < const g h?* .
a€Z4\0

In particular, then
|&n(h6 + 2wa)| < const g h* for all nonzero o in Z% .

The following points should be stressed:

o There is some latitude here for the definition of “smooth” since it need
only include complex exponentials.
o Only mild decay of ¢y is needed (enough to make @+’ : o, — Lo well-
defined).
o Nothing is said here about @, (0) (which is particularly important if @, (0)
is zero).
o It is easy to recover the rest of SF in the stationary case, i.e., in case
©n = ¢, for all h.
o Even if “smooth” is taken to mean “compactly supported, but infinitely
smooth”, the same condition is obtained, provided ¢}, has a certain decay
at oo.
The results of [12] concerning lower bounds on ao(S(¢)) make use of the
following definition of “smooth”: f € X is “smooth” if its Fourier transform
is a Radon measure for which

£l = 1A+ 1F)Fll < o0

with the suffix ‘1’ intended to indicate that the total variation of the measure
in question is meant.
Here is a sample result.
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Theorem 6.4. ([12]). Assume that pp*" : {oo — Lo is bounded for every h.
Then, for any positive 7,

dist(f,0nS(pn) < W* 2 |fllgy A + o(h¥)
with

1 on(-+ 2ma)
A= | o
Supaz (hk + | ' |k) Ph Lo (By)

Since this theorem gives ao((0,S(pp))n) > k only if A < oo, this focuses
attention on the behavior near zero of each of the functions

Gn(-+27a)/Pn,  acZN0. (6.5)

Specifically, in the stationary case, if this ratio is a smooth function in a
neighborhood of 0, then the finiteness of A would require the ratio to have a
zero of order k at 0, and conversely, provided @ has some decay. From this
vantage point, the Strang-Fix condition SF} is seen to be neither necessary
nor sufficient for ao(S(yp)) > k, but to come close to being necessary and
sufficient for appropriately restricted (.

Note that the finiteness of A requires the infinite sum in its definition
to be finite, and such finiteness can, in general, only be deduced when @y,
in addition to being “small” near 27Z?\0, decays appropriately (and this
requires some smoothness of ).

The fact that the finiteness of A involves only the ratios (6.5) makes
the conclusion of the theorem independent of localization, i.e., independent
of which difference operators were applied to the original generator for S(pp)
in order to obtain the appropriately decaying y,.

The proof in [12] of results like this theorem makes use of an approxima-
tion from S(¢) of the form

frrp= @0 [ af)d esi)
in which the approximation
eo = g i= ¥ ep/D(0) € S(p)
is suggested by

eox' o = eg Zexp(—z‘j)so(j) =:eg 5(0) .
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§7. Approximation Order in L,

For an arbitrary ¢ € X := Ly(R%), the approximation order of S(¢) can
be characterized completely, in terms of @. This is due to the fact (proved
in [6] but also derivable from more general results in [17]) that, if Pg is the
orthogonal projector onto S(¢p), then

~

7= 95,
2, @]

where

[,8: T = Cia— > fla+a)gla+a)

ac2nZd

is the very convenient “bracket product” of ]?,{5 € X, and T? is the d-
dimensional torus, i.e.,
T¢ = [-7..x]?

with the appropriate identification of boundary points.
The definition of f being “smooth” employed in [6] is that

1 Fllws ey = 1@+ DEfllz < oo
The characterization uses the following abbreviation
512 Daezao Pl +2ma)l?
ASO = ]_ —_ < — PN 2
[907 90] Zand |90( + 271'0[)|

Theorem 7.1. ([6]). For any (o), in X = Ly(R%),

Ph

ao((onS(pn)n) 2k Suphum < 0.

HLOO('I[‘d)

This result focuses attention on the behavior of A, near 0, hence, if ¢ is
bounded away from zero near 0, it focuses, once again, attention on the ratios
(6.5). Here is a typical

Corollary 7.2. ([6]). If ¢ € Lo(R?), and 1/ is essentially bounded near 0,
and p € W5 (U) for some p > k + d/2 and some nbhd U of 27Z%\0, and if ¢
satisfies SF, then ao(S(p)) > k.

For a general closed shift-invariant subspace of Ly(R?), there is the fol-
lowing result.

Theorem 7.3. ([6]). Let S be a closed shift-invariant subspace of Lo(R?),
and let f,g € Ly(R?). Then

dist(f,5) < dist(f,S(Psg)) < dist(f,S)+ 2dist(f,S(g)) .

This theorem shows that the approximation power of a general shift-
invariant subspace of Lo is already attained by some PSI subspace of it,
provided we can, for given k, supply an element g € Ly(R?) for which
ao(S(g)) > k. But that is easy to do:
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Lemma 7.4. There are simple functions g (e.g., the inverse Fourier transform
of the characteristic function of some small neighborhood of the origin) for
which, for any k,

dist(f,015(9) = o(h¥ | Fllwp ) -

§8. The Babuska Conjecture Revisited

Theorem 7.1 is used in [7] to provide a proof of the Babuska Conjecture
5.3, as follows.
Let S = S(®), where ® is a finite subset of Ly(R?)..

(i) Since each ¢ € ® is compactly supported, hence @ is analytic, it can
be assumed, after going to a subset of ® if need be, that, for almost every
x € T, the set of 5(Z%)-vectors

Dz = (P(x + 27)) yega ped,

is linearly independent, hence is a basis for §||m.
(ii) For any g € Ly(RY),

where R
G(®) = ([7.¢])ppes

and G (g) is obtained from this by replacing the row [, - | by the row [g, - ].

(iii) Since

jezs

each entry of G(®) is a trigonometric polynomial, hence so is det G(®), and
det G(®) # 0 a.e. (by (i)).

(iv) If g € Ly(RY)., then S(Psg) = S(gs) (it is shown in [6] that

~

S(') = 8(v) in case ¢’ € S(¢) and supp J' D supp 1), where

Gr = det G(®) Psg = ) detGyl(g
ped

by (ii), hence g, € So(®), by (iii).

(v) By Theorem 7.3 and Lemma 7.4, we can choose g so that

hence Babuska was right.
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