Forward-Backward Splitting Techniques: Theory and Applications by George Hong-Gang Chen

A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

University of Washington

1994

Approved by (Chairperson of Supervisory Committee)

Program Authorized to Offer Degree

Date

* In presenting this dissertation in partial fulfillment of the requirements for the Doctoral degree at the University of Washington, I agree that the Library shall make its copies freely available for inspection. I further agree that extensive copying of this dissertation is allowable only for scholarly purposes, consistent with “fair use” as prescribed in the U.S. Copyright Law. Requests for copying or reproduction of this dissertation may be referred to University Microfilms, 1490 Eisenhower Place, P. O. Box 975, Ann Arbor, Michigan 48106, to whom the author has granted “the right to reproduce and sell (a) copies of the manuscript in microform and/or (b) printed copies of the manuscript made from microform.”

Signature

Date

© Copyright by George Hong-Gang Chen 1994

University of Washington

Abstract

Forward-Backward Splitting Techniques: Theory and Applications

by George Hong-Gang Chen

Chairperson of Supervisory Committee: Professor R. Terry Rockafellar Departments of Applied Mathematics

This dissertation expands the ordinary forward-backward splitting method for finding a zero point of a maximal monotone operator to very generalized FBS methods and also develops the convergence theory for both ordinary and extended methods. In addition, some algorithm and problem structure analyses and application to large-scale convex optimaization (extended linear-quadratic programming, optimal control, stochastic programming, etc.), MPC controller design in chemical engineering, variational inequalities, and so on, are covered. Many related theoretical results are presented.

In this dissertation, we mainly consider solving large-scale convex saddle point problems which involve dynamic systems, or stochastic variables, by utilizing the monotone operator splitting concept to develop algorithms that specifically suit the problem structure. The algorithm transforms a large-scale convex problem, at each iteration, into a set of much smaller subproblems (for instance, all subproblems are one-dimensional for the box-diagonal problems of extended linear-quadratic programming.) that can be solved parallelly. The principle is one of splitting a monotone operator by expressing it as the sum of two simpler operators and then exploiting the resulting structure after analyzing the structure of problems. The suggested title of this splitting method is “forward-backward splitting” from the existing ordinary method. This methodology has the advantage of easy (or parallel) implementation and good decomposition. The numerical experiments of our methods and comparisons with some methods currently used show that our methods can fully utilize the decomposition structure of the problems we test and also that they converge much faster than the interior point method or the existing MPC toolbox in MATLAB for the large-scale cases of those problems. These numerical tests show the potential ability of the FBS methods to solve large-scale optimization problems.

TABLE OF CONTENTS

List of Figures iv

List of Tables v

Chapter 1: INTRODUCTION 1

Chapter 2: THE PROXIMAL POINT METHOD AND OPERA- TOR SPLITTING METHODS 14 2.1 Monotonicity of Operators and Some Basic Concepts . . . . . . . . . 14 2.2 Support Functions, Lagrangian, Primal and Dual Problems . . . . . . 18 2.3 Some Examples for the Fundamental Problem . . . . . . . . . . . . . 20 2.4 The Euler Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.5 The Proximal Point Algorithm (Backward Step Method) . . . . . . . 26 2.6 Summary of Operator Splitting Methods and Double Backward Split- ting Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.7 Peaceman-Rachford Splitting Algorithms . . . . . . . . . . . . . . . . 31 2.8 Douglas-Reachford Splitting Algorithms . . . . . . . . . . . . . . . . 33 2.9 Spingarn’s Partial Inverse Algorithms . . . . . . . . . . . . . . . . . . 35 2.10 Basic Forward-Backward Splitting Methods . . . . . . . . . . . . . . 37

Chapter 3: THE SPECIAL SPLITTING STRUCTURE IN EXTENDED LINEAR-QUADRATIC MODELS 42 3.1 Multistage Models in Extended Linear-Quadratic Programming . . . 42 3.2 Continuous-Time Models in Extended Linear-Quadratic Programming 46 3.3 Some Conclusions about Linear-Quadratic Regulators . . . . . . . . 51 3.4 Four Splitting Choices for Multistage Models . . . . . . . . . . . . . . 61 3.5 Four Splitting Choices for Continuous-Time Models . . . . . . . . . . 70

Chapter 4: FORWARD-BACKWARD SPLITTING METHODS AND THEIR CONVERGENCE 84 4.1 Forward-Backward Splitting Methods . . . . . . . . . . . . . . . . . . 84 4.2 The Global Convergence and Rate of the Basic FBS Algorithm . . . . 89 4.3 Nonexpansivity of G_k and the Convergence of the BFBS Method . . . 98 4.4 Relationships among Convergence Conditions . . . . . . . . . . . . . 103 4.5 The Global Convergence of the FBS Algorithm . . . . . . . . . . . . 110 4.6 Nonexpansivity and Conditions for Strong Monotonicity . . . . . . . 119 4.7 The Local Convergence and Rate for the FBS Method . . . . . . . . 123 4.8 On the Superlinear Convergence of the Basic FBS Method . . . . . . 130

Chapter 5: EXTENDED FORWARD-BACKWARD SPLITTING METH- ODS AND CONVERGENCE 133 5.1 Set and Graphical Limits and Convergence . . . . . . . . . . . . . . . 133 5.2 Extended Forward-Backward Splitting (EFBS) Methods . . . . . . . 136 5.3 Some Lemmas for the Convergence of Sequences . . . . . . . . . . . . 140 5.4 Global Convergence and Rates of Extended FBS Methods . . . . . . 145 5.5 The Local Convergence and Rate of the Extended FBS Method . . . 154 5.6 Quadratic and Superlinear Convergence of Extended FBS Methods . 161 5.7 Relations with the Other Methods for the Fundamental Problem . . . 168

Chapter 6: THE CHOICES OF THE PARAMETERS IN EFBS METH- ODS 170 6.1 The Computational Experiments and Step Sizes . . . . . . . . . . . . 170 6.2 The Suboptimal Choice of {λ_k} for BFBS Methods . . . . . . . . . . 172 6.3 The Suboptimal Step Sizes for Extended FBS Methods . . . . . . . . 174 6.4 Estimating the Lipschitz Constants and Strong Monotone Moduli . . 176 6.5 Choices of the Splitting Strategies for T = T_1 + T_2 . . . . . . . . . . . 187 6.6 The Choice of the Metric H in the EFBS Methods . . . . . . . . . . 192

Chapter 7: APPLICATIONS TO EXTENDED LINEAR-QUADRATIC PROGRAMMING 199 7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

7.2 Properties about Bounded Linear Operators . . . . . . . . . . . . . . 203 7.3 A Simplification of the Continuous-Time Models . . . . . . . . . . . . 206 7.4 A Simplification of the Multistage Models . . . . . . . . . . . . . . . 209 7.5 EFBS and Modified EFBS Algorithms for Saddle Point Problems . . 211 7.6 Strong Monotonicity of T_1 and T_2 in Problem (G) . . . . . . . . . . . 218 7.7 Convergence of the Algorithms and Rate of Convergence . . . . . . . 223 7.8 Details of the Algorithm Implementation for the Multistage Models . 230 7.9 A Numerical Example and Computing Results . . . . . . . . . . . . . 236

Chapter 8: OPTIMAL CONTROL PROBLEM APPLICATIONS 247 8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247 8.2 Transformation of the Problem into a Saddle Point Problem . . . . . 249 8.3 Methods to Obtain the Strong Monotonicity of Operators . . . . . . . 254 8.4 Implementation Detail and EFBS Algorithms . . . . . . . . . . . . . 259 8.5 Numerical Examples and Computing Results . . . . . . . . . . . . . . 262

Chapter 9: APPLICATIONS ON OTHER PROBLEMS 269 9.1 Applications to Multistage Stochastic Programming . . . . . . . . . . 269 9.2 An Application to Process Control in Chemical Engineering . . . . . 274 9.3 A Numerical Example and Computing Results . . . . . . . . . . . . . 280 9.4 Applications to Variational Inequalities . . . . . . . . . . . . . . . . . 284 9.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287 Bibliography 290